MISCELLANEOUS MATHEMATICAL CONSTANTS

n CONSTANTS

m =3.14159 26535 89793 23846 26433 83279 50288 41971 69399 37511

1/m =0.31830 98861 83790 67153 77675 26745 02872 40689 19291 48091

n> =9.86960 44010 89358 61883 44909 99876 15113 53136 99407 24079

log, m =1.14472 98858 49400 17414 34273 51353 05871 16472 94812 91531
log;y ™ =0.49714 98726 94133 85435 12682 88290 89887 36516 78324 38044
log;o /21 =0.39908 99341 79057 52478 25035 91507 69595 02099 34102 92128

CONSTANTS INVOLVING e

e =2.71828 18284 59045 23536 02874 71352 66249 77572 47093 69996

1/e =0.36787 94411 71442 32159 55237 70161 46086 74458 11131 03177

¢* =7.38905 60989 30650 22723 04274 60575 00781 31803 15570 55185

M =logjpe =0.43429 44819 03251 82765 11289 18916 60508 22943 97005 80367

1/M =1log,10 =2.30258 50929 94045 68401 79914 54684 36420 76011 01488 62877
logioM =9.63778 43113 00536 78912 29674 98645 —10

n® AND e" CONSTANTS

n® =22.45915 77183 61045 47342 71522

e™ =23.14069 26327 79269 00572 90864

e ™ = 0.04321 39182 63772 24977 44177

el/2 = 4.81047 73809 65351 65547 30357

it =e~1/2" = 0.20787 95763 50761 90854 69556

NUMERICAL CONSTANTS

V2 =1.41421 35623 73095 04880 16887 24209 69807 85696 71875 37695
V2 =1.25992 10498 94873 16476 72106 07278 22835 05702 51464 70151
log,2 =0.69314 71805 59945 30941 72321 21458 17656 80755 00134 36026
log;02 =0.30102 99956 63981 19521 37388 94724 49302 67881 89881 46211
/3 =1.73205 08075 68877 29352 74463 41505 87236 69428 05253 81039
/3 =1.44224 95703 07408 38232 16383 10780 10958 83918 69253 49935
log.3 =1.09861 22886 68109 69139 52452 36922 52570 46474 90557 82275
log03 =0.47712 12547 19662 43729 50279 03255 11530 92001 28864 19070

OTHER CONSTANTS
Euler’s Constant y = 0.57721 56649 01532 86061

log, y =—0.54953 93129 81644 82234
Golden Ratio ¢ = 1.61803 39887 49894 84820 45868 34365 63811 77203 09180
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EXPONENTIAL AND HYPERBOLIC FUNCTIONS AND THEIR COMMON LOGARITHMS

Value

1.0000
1.0101
1.0202
1.0305
1.0408
1.0513
1.0618
1.0725
1.0833
1.0942
1.1052
1163
1275
1388
1503
1618
1735
1853
1.1972
1.2092
1.2214
1.2337
1.2461
1.2586
1.2712
1.2840
1.2969
1.3100
1.3231
1.3364
1.3499
1.3634
1.3771
1.3910
1.4049
1.4191
1.4333
1.4477
1.4623
1.4770
1.4918
1.5063
1.5220
1.5373
1.5527
1.5683
1.5841
1.6000
1.6161
1.6323
1.6487
1.6653
1.6820
1.6989
1.7160
1.7333
1.7507
1.7683
1.7860
1.8040
1.8221
1.8404
1.8589
1.8776
1.8965
1.9155
1.9348
1.9542
1.9739
1.9937
2.0138
2.0340
2.0544

X

€

log"®

0.00000
.00434
.00869
01303
01737
02171
.02606
03040
03474
03909
.04343
04777
05212
05646
06080
.06514
.06949
07383
07817
.08252
.08686
.09120
09554
09989
10423
10857
11292
11726
12160
12595
13029
13463
13897
.14332
14766
15200
15635
16069
16503
16937
17372
17806
.18240
18675
19109
19543
19978
.20412
.20846
.21280
21715
22149
.22583
.23018
.23452
.23886
.24320
.24755
25189
25623
26058
.26492
.26926
.27361
27795
28229
.286064
.29098
.29532
.29966
.30401
.30835
31269

—x

e
(value)

1.00000
0.99005
.98020
97045
96079
95123
94176
93239
92312
91393
90484
89583
88692
87809
86936
86071
85214
84366
83527
82696
81873
81058
80252
79453
78663
77880
77105
76338
15578
74826
74082
73345
72615
71892
1177
70469
169768
69073
68386
67706
.67032
66365
65705
65051
.64404
163763
163128
62500
61878
61263
60653
60050
59452
58860
58275
57695
57121
56553
.55990
55433
54881
54335
53794
.53259
52729
52205
51685
SH171
.50662
50158
49659
49164
48675

sinh x cosh x
Value log" value log"
0.0000 —o0 1.0000 0.00000
0100 2.00001 1.0001 .00002
.0200 2.30106 1.0002 .00009
0300 2.47719 1.0005 .00020
0400 2.60218 1.0008 00035
.0500 2.69915 1.0013 00054
.0600 2.77841 1.0018 .00078
0701 2.84545 1.0025 .00106
0801 2.90355 1.0032 00139
0901 2.95483 1.0041 00176
.1002 1.00072 1.0050 00217
1102 1.04227 1.0061 100262
11203 1.08022 1.0072 00312
1304 1.11517 1.0085 00366
11405 1.14755 1.0098 00424
1506 1.17772 1.0113 00487
1607 1.20597 1.0128 00554
1708 1.23254 1.0145 00625
1810 1.25762 1.0162 00700
1911 1.28136 1.0181 00779
2013 1.30392 1.0201 .00863
2115 1.32541 1.0221 00951
2218 1.34592 1.0243 01043
2320 1.36555 1.0266 01139
2423 1.38437 1.0289 01239
12526 1.40245 1.0314 01343
2629 1.41986 1.0340 01452
2733 1.43663 1.0367 01564
2837 1.45282 1.0395 01681
2941 1.46847 1.0423 01801
3045 1.48362 1.0453 01926
3150 1.49830 1.0484 102054
13255 1.51254 1.0516 02187
3360 1.52637 1.0549 02323
13466 1.53981 1.0584 102463
3572 1.55290 1.0619 102607
3678 1.56564 1.0655 02755
3785 1.57807 1.0692 02907
3892 1.59019 1.0731 03063
4000 1.60202 1.0770 03222
4108 1.61358 1.0811 03385
4216 1.62488 1.0852 103552
4325 1.63594 1.0895 03723
4434 1.64677 1.0939 03897
4543 1.65738 1.0984 04075
4653 1.66777 1.1030 04256
4764 1.67797 1.1077 04441
4875 1.68797 1.1125 104630
4986 1.69779 1.1174 04822
.5098 1.70744 1.1225 05018
5211 1.71692 1.1276 05217
5324 1.72624 1.1329 05419
5438 1.73540 1.1383 05625
.5552 1.74442 1.1438 05834
.5666 1.75330 1.1494 06046
5782 1.76204 1.1551 106262
5897 1.77065 1.1609 06481
6014 1.77914 1.1669 06703
6131 1.78751 1.1730 106929
16248 1.79576 1.1792 07157
6367 1.80390 1.1855 07389
6485 1.81194 1.1919 07624
6605 1.81987 1.1984 07861
6725 1.82770 1.2051 08102
6846 1.83543 1.2119 08346
16967 1.84308 1.2188 108593
7090 1.85063 1.2258 08843
7213 1.85809 1.2330 .09095
7336 1.86548 1.2402 109351
7461 1.87278 1.2476 .09609
7586 1.88000 1.2552 .09870
7712 1.88715 1.2628 10134
7838 1.89423 1.2706 .10401

A-2

tanh x
(value)

0.00000
01000
02000
02999
03998
.04996
.05993
06989
07983
08976
09967
10956
11943
12927
13909
.14889
15865
16838
17808
18775
19738
20697
21652
.22603
.23550
.24492
.25430
26362
27291
.28213
29131
30044
.30951
31852
.32748
33638
.34521
35399
36271
37136
37995
33847
.39693
40532
41364
42190
.43008
43820
.44624
45422
46212
46995
47770
.48538
.49299
.50052
50798
51536
.52267
.52990
.53705
54413
55113
.55805
56490
57167
.57836
.58498
59152
59798
60437
61068
61691



0.73
0.74
0.75
0.76
0.77
0.78
0.79
0.80
0.81
0.82
0.83
0.84
0.85
0.86
0.87
0.88
0.89
0.90
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99
1.00
1.01
1.02
1.03
1.04
1.05
1.06
1.07
1.08
1.09
1.10
1.11
1.12
1.13
1.14
1.15
1.16
1.17
1.18
1.19
1.20
1.21
1.22
1.23
1.24
1.25
1.26
1.27
1.28
1.29
1.30
1.31
1.32
1.33
1.34
1.35
1.36
1.37
1.38
1.39
1.40
1.41
1.42
1.43

EXPONENTIAL AND HYPERBOLIC FUNCTIONS AND THEIR COMMON LOGARITHMS

Value

2.0751
2.0959
2.1170
2.1383
2.1598
2.1815
2.2034
2.2255
2.2479
2.2705
2.2933
23164
2.3396
2.3632
2.3869
2.4100
24351
2.4596
2.4843
2.5093
2.5345
2.5600
2.5857
2.6117
2.6379
2.6645
2.6912
2.7183
2.7456
2.7732
2.8011
2.8292
2.8577
2.8864
29154
2.9447
2.9743
3.0042
3.0344
3.0659
3.0957
3.1268
3.1582
3.1899
3.2220
3.2544
3.2871
3.3201
3.3535
3.3872
3.4212
3.4556
3.4903
3.5254
3.5609
3.5996
3.6328
3.6693
3.7062
3.7434
3.7810
3.8190
3.8574
3.8962
3.9354
3.9749
4.0149
4.0552
4.0960
4.1371
4.1787

log

31703
.32138
32572
.33006
33441
33875
.34309
34744
35178
35612
.36046
36481
36915
37349
37784
38218
.38652
39087
39521
.39955
.40389
40824
41258
41692
42127
42561
42995
43429
43804
44298
44732
45167
45601
46035
46470
46904
47338
47772
.48207
48641
49075
49510
49944
50378
.50812
.51247
51681
52115
.52550
.52984
.53418
53853
54287
54721
55155
55590
.56024
.56458
.56893
57327
57761
58195
58630
.59064
.59498
59933
160367
60801
.61236
.61670
62104

—x

e
(value)

48191
47711
47237
46767
.46301
45841
45384
.44933
.44486
.44043
.43605
43171
42741
42316
41895
41478
41066
.40657
.40242
.39852
.39455
.39063
.38674
.38289
.37908
37531
37158
.36788
.36422
.36060
.35701
35345
.34994
.34646
.34301
.33960
.33622
.33287
.32956
.32628
.32303
.31982
.31644
.31349
.31037
.30728
.30422
.30119
.29820
.29523
.29229
.28938
.28650
.28365
.28083
.27804
27527
.27253
.26982
26714
.26448
.26185
.25924
.25666
25411
25158
.24908
.24660
24414
24171
.23931

(continued)
sinh x cosh x

Value log‘" Value loglo

7966 1.90123 1.2785 10670

8094 1.90817 1.2865 110942

8223 1.91504 1.2947 11216

8353 1.92185 1.3030 111493

8484 1.92859 1.3114 11773

8615 1.93527 1.3199 112055

8748 1.94190 1.3286 112340

8881 1.94846 1.3374 12627

9015 1.95498 1.3464 12917

9150 1.96144 1.3555 113209

9286 1.96784 1.3647 113503

9423 1.97420 1.3740 .13800

9561 1.98051 1.3835 114099

9700 1.98677 1.3932 114400

19840 1.99299 1.4029 14704

9981 1.99916 1.4128 15009
1.0122 0.00528 1.4229 15317
1.0265 01137 1.4331 15627
1.0409 01741 1.4434 115939
1.0554 102341 1.4539 116254
1.0700 102937 1.4645 16570
1.0847 103530 1.4753 116888
1.0995 04119 1.4862 17208
1.1144 04704 1.4973 17531
1.1294 105286 1.5085 17855
1.1446 05864 1.5199 18181
1.1598 106439 1.5314 118509
1.1752 07011 1.5431 118839
1.1907 07580 1.5549 19171
1.2063 06146 1.5669 119504
1.2220 08708 1.5790 119839
1.2379 109268 1.5913 20176
1.2539 109825 1.6038 20515
1.2700 110379 1.6164 120855
1.2862 110930 1.6292 21197
1.3025 11479 1.6421 21541
1.3190 112025 1.6552 21886
1.3356 112569 1.6685 22233
1.3524 13111 1.6820 22582
1.3693 13649 1.6956 22931
1.3863 14186 1.7083 23283
1.4035 114720 1.7233 23636
1.4208 15253 1.7374 123990
1.4382 15783 1.7517 24346
1.4558 16311 1.7662 24703
1.4735 16836 1.7808 25062
1.4914 17360 1.7957 25422
1.5095 17882 1.8107 25784
1.5276 118402 1.8258 26146
1.5460 118920 1.8412 26510
1.5645 119437 1.8568 26876
1.5831 119951 1.8725 27242
1.6019 20464 1.8884 27610
1.6209 20975 1.9045 27979
1.6400 21485 1.9208 28349
1.6593 21993 1.9373 28721
1.6788 122499 1.9540 129093
1.6984 123004 1.9709 29467
1.7182 23507 1.9880 129842
1.7381 24009 2.0053 30217
1.7583 24509 2.0228 130594
1.7786 125008 2.0404 130972
1.7991 125505 2.0583 31352
1.8198 26002 2.0764 31732
1.8406 26496 2.0947 32113
1.8617 126990 2.1132 132495
1.8829 27482 2.1320 32878
1.9043 27974 2.1509 133262
1.9259 28464 2.1700 33647
1.9477 128952 2.1894 134033
1.9697 129440 2.2090 134420

A-3

tanh x
(value)

.62307
.62915
.63515
.64108
.64693
65721
.65841
.66404
.66959
.67507
.68048
.68581
.69107
.69626
70137
70642
71139
.21630
72113
72590
.73059
73522
73978
74428
74870
75307
75736
76159
76576
76987
77391
77789
78181
78566
.78946
.79320
79688
.80050
.80406
.80757
.81102
.81441
81775
.82104
82427
.82745
.83058
.83365
.83668
.83965
.84258
.83546
.84828
.85106
.85380
.85648
85913
.86172
.86428
.86678
.86925
.87167
.87405
87639
.87869
.88095
.88317
.88535
.88749
.88960
.89167



EXPONENTIAL AND HYPERBOLIC FUNCTIONS AND THEIR COMMON LOGARITHMS

(continued)
e* sinh x cosh x

e tanh x

X Value logm (value) Value log'" Value logm (value)
1.44 4.2207 .62538 .23693 1.9919 .29926 2.2288 .34807 .89370
1.45 4.2631 62973 23457 2.0143 30412 2.2488 35196 89569
1.46 4.3060 63407 23224 2.0369 .30896 2.2691 35585 89765
1.47 4.3492 63841 122993 2.0597 31379 2.2896 35976 89958
1.48 4.3929 64276 22764 2.0827 31862 2.3103 .36367 90147
1.49 4.4371 64710 22537 2.1059 32343 2.3312 .36759 90332
1.50 4.4817 65144 22313 2.1293 32823 2.3524 37151 90515
1.51 4.5267 65578 122091 2.1529 .33303 2.3738 37545 90694
1.52 4.5722 66013 21871 2.1768 .33781 2.3955 37939 90870
1.53 4.6182 .66447 21654 2.2008 .34258 2.4174 .38334 91042
1.54 4.6646 66881 21438 2.2251 .34735 2.4395 .38730 91212
1.55 4.7115 67316 21225 2.2496 35211 2.4619 39126 91379
1.56 4.7588 67750 21014 2.2743 .35686 2.4845 .39524 91542
1.57 4.8066 68184 .20805 2.2993 .36160 2.5073 .39921 91703
1.58 4.8550 .68619 .20598 2.3245 .36633 2.5305 .40320 91860
1.59 4.9037 69053 .20393 2.3499 37105 2.5538 40719 92015
1.60 4.9530 69487 .20190 2.3756 37577 2.5775 41119 92167
1.61 5.0028 69921 19989 2.4015 .38048 2.6013 41520 92316
1.62 5.0531 70356 19790 2.4276 .38518 2.6255 41921 .92462
1.63 5.1039 70790 19593 2.4540 .38987 2.6499 42323 .92606
1.64 5.1552 71224 .19398 2.4806 .39456 2.6746 42725 92747
1.65 5.2070 71659 .19205 2.5075 39923 2.6995 43129 92886
1.66 5.2593 72093 19014 2.5346 .40391 2.7247 43532 93022
1.67 5.3122 72527 18825 2.5620 40857 2.7502 43937 93155
1.68 5.3656 72961 18637 2.5896 41323 2.7760 44341 93286
1.69 5.4195 73396 .18452 2.6175 41788 2.8020 44747 93415
1.70 5.4739 73830 18268 2.6456 42253 2.8283 45153 93541
1.71 5.5290 74264 18087 2.6740 42717 2.8549 45559 93665
1.72 5.5845 74699 17907 2.7027 43180 2.8818 45966 93786
1.73 5.6407 75133 17728 2.7317 43643 2.9090 46374 .93906
1.74 5.6973 15567 17552 2.7609 44105 2.9364 46782 94023
1.75 5.7546 76002 17377 2.7904 44567 2.9642 47191 94138
1.76 5.8124 76436 17204 2.8202 .45028 2.9922 47600 94250
1.77 5.8709 .76870 17033 2.8503 45488 3.0206 .48009 94361
1.78 5.9299 77304 .16864 2.8806 45948 3.0492 48419 .94470
1.79 5.9895 77739 .16696 29112 46408 3.0782 .48830 94576
1.80 6.0496 18173 16530 2.9422 46867 3.1075 49241 94681
1.81 6.1104 78607 16365 2.9734 47325 3.1371 .49652 94783
1.82 6.1719 79042 16203 3.0049 47783 3.1669 .50064 94884
1.83 6.2339 79476 .16041 3.0367 48241 3.1972 .50476 94983
1.84 6.2965 79910 .15882 3.0689 48698 3.2277 50889 95080
1.85 6.3598 80344 15724 3.1013 49154 3.2585 51302 95175
1.86 6.4237 .80779 15567 3.1340 .49610 3.2897 51716 95268
1.87 6.4383 81213 15412 3.1671 .50066 3.3212 .52130 95359
1.88 6.5535 81647 15259 3.2005 .50521 3.3530 .52544 95449
1.89 6.6194 82082 15107 3.2341 50976 3.3852 52959 95537
1.90 6.6859 82516 14957 3.2682 .51430 3.4177 53374 95624
1.91 6.7531 .82950 .14808 3.3025 51884 3.4506 .53789 95709
1.92 6.8210 .83385 14661 3.3372 .52338 3.4838 .54205 95792
1.93 6.8895 83819 14515 3.3722 52791 3.5173 54621 95873
1.94 6.9588 84253 14370 3.4075 .53244 3.5512 55038 95953
1.95 7.0287 84687 14227 3.4432 .53696 3.5855 .55455 96032
1.96 7.0993 85122 14086 3.4792 54148 3.6201 .55872 96109
1.97 7.1707 85556 .13946 3.5156 .54600 3.6551 .56290 96185
1.98 7.2427 85990 13807 3.5923 .55051 3.6904 56707 96259
1.99 7.3155 86425 13670 3.5894 .55502 3.7261 57126 96331
2.00 7.3891 86859 13534 3.6269 .55953 3.7622 57544 96403
2.01 7.4633 .87293 13399 3.6647 .56403 3.7987 .57963 96473
2.02 7.5383 87727 .13266 3.7028 56853 3.8335 .58382 96541
2.03 7.6141 88162 13134 3.7414 57303 3.8727 .58802 96609
2.04 7.6906 88596 13003 3.7803 57753 3.9103 59221 96675
2.05 7.7679 .89030 12873 3.8196 .58202 3.9483 .59641 96740
2.06 7.8460 .89465 12745 3.8593 .58650 3.9867 .60061 96803
2.07 7.9248 .89899 12619 3.8993 .59099 4.0255 .60482 96865
2.08 8.0045 90333 .12493 3.9398 59547 4.0647 60903 96926
2.09 8.0849 90768 12369 3.9806 .59995 4.1043 61324 96986
2.10 8.1662 91202 12246 4.0219 .60443 4.1443 61745 97045
2.11 8.2482 91636 12124 4.0635 .60890 4.1847 .62167 97103
2.12 8.3311 92070 .12003 4.1056 61337 4.2256 62589 97159
2.13 8.4149 92505 11884 4.1480 61784 4.2669 63011 97215
2.14 8.4994 92939 11765 4.1909 .62231 4.3085 .63433 97269
2.15 8.5849 93373 11648 4.2342 62677 4.3507 63856 97323

A-4



EXPONENTIAL AND HYPERBOLIC FUNCTIONS AND THEIR COMMON LOGARITHMS

(continued)
e* sinh x cosh x

e tanh x

X Value logm (value) Value lng") Value logm (value)
2.16 8.6711 .93808 11533 4.2779 63123 4.3932 .64278 97375
2.17 8.7583 94242 11418 4.3221 .63569 4.4362 64701 97426
2.18 8.8463 94676 11304 4.3666 .64015 4.4797 65125 97477
2.19 8.9352 95110 11192 4.4116 64460 4.5236 65548 97526
2.20 9.0250 95545 11080 4.4571 .64905 4.5679 65972 97574
2.21 9.1157 95979 10970 4.5030 .65350 4.6127 66396 97622
2.22 9.2073 96413 .10861 4.5494 .65795 4.6580 66820 97668
223 9.2999 96848 10753 4.5962 66240 4.7037 67244 97714
2.24 9.3933 97282 .10646 4.6434 66684 4.7499 67668 97759
2.25 9.4877 97716 .10540 4.6912 67128 4.7966 68093 97803
2.26 9.5831 98151 .10435 4.7394 67572 4.8437 68518 97846
2.27 9.6794 98585 .10331 4.7880 .68016 4.8914 .68943 97888
2.28 9.7767 99019 .10228 4.8372 68459 4.9395 69368 97929
2.29 9.8749 .99453 10127 4.8868 .68903 4.9881 69794 97970
2.30 9.9742 99888 .10026 4.9370 .69346 5.0372 70219 98010
2.31 10.074 1.00322 .09926 4.9876 .69789 5.0868 70645 98049
2.32 10.176 1.00756 .09827 5.0387 70232 5.1370 71071 98087
2.33 10.278 1.01191 .09730 5.0903 70675 5.1876 71497 98124
2.34 10.381 1.01625 .09633 5.1425 1117 5.2388 71923 98161
2.35 10.486 1.02059 .09537 5.1951 71559 5.2905 72349 98197
2.36 10.591 1.02493 .09442 5.2483 .72002 5.3427 72776 98233
2.37 10.697 1.02928 .09348 5.3020 72444 5.3954 73203 98267
2.38 10.805 1.03362 .09255 5.3562 72885 5.4487 73630 98301
2.39 10.913 1.03796 .09163 5.4109 73327 5.5026 74056 98335
2.40 11.023 1.04231 .09072 5.4662 73769 5.5569 74484 98367
2.41 11.134 1.04665 .08982 5.5221 74210 5.6119 74911 98400
2.42 11.246 1.05099 .08892 5.5785 .74652 5.6674 75338 98431
2.43 11.359 1.05534 .08804 5.6354 75093 5.7235 15766 98462
2.44 11.473 1.05968 .08716 5.6929 75534 5.7801 76194 98492
2.45 11.588 1.06402 .08629 5.7510 75975 5.8373 76621 98522
2.46 11.705 1.06836 .08543 5.8097 76415 5.8951 77049 98551
2.47 11.822 1.07271 .08458 5.8689 76856 5.9535 17477 98579
2.48 11.941 1.07705 .08374 5.9288 17296 6.0125 77906 98607
2.49 12.061 1.08139 .08291 5.9892 17737 6.0721 78334 98635
2.50 12.182 1.08574 .08208 6.0502 78177 6.1323 78762 98661
2.51 12.305 1.09008 .08127 6.1118 78617 6.1931 79191 98688
2.52 12.429 1.09442 .08046 6.1741 79057 6.2545 79619 98714
2.53 12.554 1.09877 .07966 6.2369 79497 6.3166 .80048 98739
2.54 12.680 1.10311 .07887 6.3004 79937 6.3793 .80477 98764
2.55 12.807 1.10745 .07808 6.3645 .80377 6.4426 .80906 98788
2.56 12.936 1.11179 .07730 6.4293 .80816 6.5066 81335 98812
2.57 13.066 1.11614 .07654 6.4946 81256 6.5712 81764 98835
2.58 13.197 1.12048 .07577 6.5607 81695 6.6365 82194 98858
2.59 13.330 1.12482 .07502 6.6274 82134 6.7024 .82623 98881
2.60 13.464 1.12917 .07427 6.6947 .82573 6.7690 .83052 98903
2.61 13.599 1.13351 07353 6.7628 .83012 6.8363 83482 98924
2.62 13.736 1.13785 .07280 6.8315 83451 6.9043 83912 98946
2.63 13.874 1.14219 .07208 6.9008 .83890 6.9729 84341 98966
2.64 14.013 1.14654 .07136 6.9709 .84329 7.0423 84771 98987
2.65 14.154 1.15008 .07065 7.0417 .84768 7.1123 85201 99007
2.66 14.296 1.15522 .06995 7.1132 .85206 7.1831 85631 99026
2.67 14.440 1.15957 .06925 7.1854 85645 7.2546 86061 99045
2.68 14.585 1.16391 .06856 7.2583 .86083 7.3268 .86492 99064
2.69 14.732 1.16825 06788 7.3319 .86522 7.3998 86922 99083
2.70 14.880 1.17260 06721 7.4063 .86960 7.4735 87352 99101
2.71 15.029 1.17694 06654 7.4814 87398 7.5479 87783 99118
2.72 15.180 1.18128 .06587 7.5572 87836 7.6231 88213 99136
2.73 15.333 1.18562 .06522 7.6338 88274 7.6991 .89644 99153
2.74 15.487 1.18997 .06457 7.7112 .88712 7.7758 .89074 99170
2.75 15.643 1.19431 .06393 7.7894 89150 7.8533 89505 99186
2.76 15.800 1.19865 .06329 7.8683 89588 7.9316 89936 99202
2.77 15.959 1.20300 .06266 7.9480 90026 8.0106 90367 99218
2.78 16.119 1.20734 .06204 8.0285 90463 8.0905 90798 99233
2.79 16.281 1.21168 .06142 8.1098 .90901 8.1712 91229 99248
2.80 16.445 1.21602 .06081 8.1919 91339 8.2527 91660 99263
2.81 16.610 1.22037 .06020 8.2749 91776 8.3351 92091 99278
2.82 16.777 1.22471 .05961 8.3586 92213 8.4182 92522 99292
2.83 16.945 1.22905 .05901 8.4432 92651 8.5022 92953 99306
2.84 17.116 1.23340 .05843 8.5287 .93088 8.5871 93385 99320
2.85 17.288 1.23774 05784 8.6150 .93525 8.6728 93816 99333
2.86 17.462 1.24208 .05727 8.7021 93963 8.7594 94247 99346
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2.87
2.88
2.89
2.90
291
292
293
2.94
2.95
2.96
297
298
2.99
3.00
3.05
3.10
3.15
3.20
3.25
3.30
3.35
3.40
345
3.50
3.55
3.60
3.65
3.70
375
3.80
3.85
3.90
3.95
4.00
4.10
4.20
4.30
4.40
4.50
4.60
4.70
4.80
4.90
5.00
5.10
5.20
5.30
5.40
5.50
5.60
5.70
5.80
5.90
6.00
6.25
6.50
6.75
7.00
7.50
8.00
8.50
9.00
9.50
10.00

EXPONENTIAL AND HYPERBOLIC FUNCTIONS AND THEIR COMMON LOGARITHMS

Value

17.637
17.814
17.993
18.174
18.357
18.541
18.728
18.916
19.106
19.298
19.492
19.688
19.886
20.086
21.115
22.198
23.336
24.533
25.790
27.113
28.503
29.964
31.500
33.115
34.813
36.598
38.475
40.447
42.521
44.701
46.993
49.402
51.935
54.598
60.340
66.686
73.700
81.451
90.017
99.484
109.95
121.51
134.29
148.41
164.02
181.27
200.34
221.41
244.69
270.43
298.87
330.30
365.04
403.43
518.01
665.14
854.06
1096.6
1808.0
2981.0
4914.8
8103.1
13360.
22026.

1.24643
1.25077
1.25511
1.25945
1.26380
1.26814
1.27248
1.27683
1.28117
1.28551
1.28985
1.29420
1.29854
1.30288
1.32460
1.34631
1.36803
1.38974
1.41146
1.43317
1.45489
1.47660
1.49832
1.52003
1.54175
1.56346
1.58517
1.60689
1.62860
1.65032
1.67203
1.69375
1.71546
1.73718
1.78061
1.82404
1.86747
1.91090
1.95433
1.99775
2.04118
2.08461
2.12804
2.17147
2.21490
2.25833
2.30176
2.34519
2.38862
2.43205
2.47548
2.51891
2.56234
2.60577
2.71434
2.82291
2.93149
3.04006
3.25721
3.47436
3.69150
3.90865
4.12580
4.34294

—x

e
(value)

05670
05613
05558
05502
05448
05393
05340
05287
05234
05182
05130
05079
05029
04979
04736
04505
04285
.04076
03877
03688
03508
03337
03175
03020
02872
02732
02599
02472
02352
02237
02128
02024
01925
01832
01657
01500
01357
01227
01111
01005
00910
.00823
00745
00674
00610
00552
00499
00452
00409
00370
.00335
00303
.00274
00248
00193
00150
00117
00091
00055
00034
00020
00012
00007
00005

(continued)
sinh x cosh x

Value log'" Value log'"

8.7902 94400 8.8469 94679
8.8791 94837 8.9352 95110
8.9689 95274 9.0244 95542
9.0596 95711 9.1146 95974
9.1512 96148 9.2056 .96405
9.2437 96584 9.2976 96837
9.3371 97021 9.3905 97269
9.4315 97458 9.4844 97701
9.5268 97895 9.5791 98133
9.6231 98331 9.6749 .98565
9.7203 98768 9.7716 98997
9.8185 99205 9.8693 99429
9.9177 99641 9.9680 .99861
10.018 1.00078 10.068 1.00293
10.534 1.02259 10.581 1.02454
11.076 1.04440 11.122 1.04616
11.647 1.06620 11.690 1.06779
12.246 1.08799 12.287 1.08943
12.876 1.10977 12915 1.11108
13.538 1.13155 13.575 1.13273
14.234 1.15332 14.269 1.15439
14.965 1.17509 14.999 1.17605
15.734 1.19685 15.766 1.19772
16.543 1.21860 16.573 1.21940
17.392 1.24036 17.421 1.24107
18.286 1.26211 18.313 1.26275
19.224 1.28385 19.250 1.28444
20.211 1.30559 20.236 1.30612
21.249 1.32733 21.272 1.32781
22.339 1.34907 22.362 1.34951
23.486 1.37081 23.507 1.37120
24.691 1.39254 24.711 1.39290
25.958 1.41427 25.971 1.41459
27.290 1.43600 27.308 1.43629
30.162 1.47946 30.178 1.47970
33.336 1.52291 33.351 1.52310
36.843 1.56636 36.857 1.56652
40.719 1.60980 40.732 1.60993
45.003 1.65324 45.014 1.65335
49.737 1.69668 49.747 1.69677
54.969 1.74012 54.978 1.74019
60.751 1.78355 60.759 1.78361
67.141 1.82699 67.149 1.82704
74.203 1.87042 74.210 1.87046
82.008 1.91389 82.014 1.91389
90.633 1.95729 90.639 1.95731
100.17 2.00074 100.17 2.00074
110.70 2.04415 110.71 2.04417
122.34 2.08758 122.35 2.08760
135.21 2.13101 135.22 2.13103
149.43 2.17444 149.44 2.17445
165.15 2.21787 165.15 2.21788
182.52 2.26130 182.52 2.26131
201.71 2.30473 201.72 2.30474
259.01 2.41331 259.01 2.41331
332.57 2.52188 332.57 2.52189
427.03 2.63046 427.03 2.63046
548.32 2.73904 548.32 2.73903
904.02 2.95618 904.02 2.95618
1490.5 3.17333 1490.5 3.17333
2457.4 3.39047 2457.4 3.39047
4051.5 3.60762 4051.5 3.60762
6679.9 3.82477 6679.9 3.82477
11013. 4.04191 11013. 4.04191
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tanh x
(value)

.99359

99372

99384

.99396

.99408

.99420

99431

99443

.99454

.99464

99475

99485

.99496
0.99505
0.99552
0.99595
0.99633
0.99668
0.99700
0.99728
0.99754
0.99777
0.99799
0.99818
0.99835
0.99851
9.99865
0.99878
0.99889
0.99900
0.99909
0.99918
0.99926
0.99933
0.99945
0.99955
0.99963
0.99970
0.99975
0.99980
0.99983
0.99986
0.99989
0.99991
0.99993
0.99994
0.99995
0.99996
0.99997
0.99997
0.99998
0.99998
0.99998
0.99999
0.99999
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000



RELATION OF ANGULAR FUNCTIONS IN TERMS OF ONE ANOTHER

TRIGONOMETRIC FUNCTIONS

Function sin o cosa tana coto sec o esco
sina sina +V1 — cos? tan o 1 +vsec? o — 1 1
+v1 + tan? +V/1 + cot? & sec o csC o
cosa +V/1 — sinfe cosa 1 cota 1 +Vese? a — 1
+/1 + tan? « +/1 + cot?a sec o csC
tan o sin o +v1 —cos? a tano 1 +Vsec? o — 1 1
+V1 —sin & cos o cote +vese? a— 1
- cos o
cota +v1 —sin’ « —_— ! cot o 1 +vese? a— 1
T sna +v1 —cos? « tan o +Vsec? a— 1
sec 1 1 +V/1 + tan? « +v1+cot? & seca _ escex
+V] —sin’ @ cos a ot +vescla — 1
CsC o 1 IR +v/1+tan? o +v1+cot? & Seciaa csca
sin- o +v1 —cos? a BT — +Vsecla— 1

Note: The choice of sign depends upon the quadrant in which the angle terminates.

HYPERBOLIC FUNCTIONS

Function sinh x cosh x tanh x

sinhx = sinh x +vcosh? x — 1 tanh x
V1 — tanh® x

coshx= V1 +sinh? x cosh x 1
V1 —tanh® x
tanh x = sinh x Veosh? x — 1 tanh x
V1 +sinh® x + cosh x

cosech x = 1 i; V1 —tanh® x
sinh x Veosh? x — 1 tanh x

sech x = ! L V1 — tanh? x
V1 +sinh? x cosh.x

cothx= V14 sinh’ x _ Fooshx 1
T sihx Veosh® x— 1 tanh

Function cosech x sech x coth x

sinh x = ! V1 —sech®x L
cosech x iisech x Veoth? x — 1

coshx= Y cosech? x + 1 L + __cothx
cosech x sech x Veoth? x — 1

tanh x = S +v1 —sech? x o
Veosech” x + 1 coth x

cosech x = cosech x + sech x Veoth? x — 1
3 +—
V1 —sech” x 1

sechx= + cosech x sech x . Veoth? x—1
Vcosech® x + 1 coth x

cothx= Veosech? x + 1 + 1 coth x
V1 —sech® x

Whenever two signs are shown, choose + sign if x is positive, — sign if x is negative.



Derivatives*

In the following formulas u, v, w represent functions of x, while a, ¢, n represent fixed real
numbers. All arguments in the trigonometric functions are measured in radians, and all
inverse trigonometric and hyperbolic functions represent principal values.

d
1. —(a) =
dx(a) 0
d
2. a(x) = 1
d du
3. E(au) = aa
d du dv dw
4. a(“ﬁ-V—W):E—Fa—E
d dy du
5. E(uv) = ua~|— vd—

6 i(uvw) uvﬂ+ vw@—}—uwﬂ
T dx dx dx dx
du dv
7<icg_2£:ﬁﬁ_k@_z@
Tdx\v) 2 T vdx  vidx
d ny __ n—1 du
8. a(u )= nu e

d 1 du

O Wi =30
d (1 1 du
10- % <‘> = Tl
d (1 n du
“'5(%)?%5
o (N _wt( du v
“ax o ) T e T MM s

d du dy
13. My n—1_m—1
3 dx W) =u (nv dx +omu dx)

d d du
14, L] =[]

*Let y=f(x) and dy _dlf)]
dx

common domain. The differential for the function at such a value x is accordingly defined as

dy = di () = 2 e = 1L

= f'(x) define respectively a function and its derivative for any value x in their

dx = f'(x)dx

Each derivative formula has an associated differential formula. For example, formula 6 above has the differential
formula

d(uvw) = uv dw + vw du 4+ uw dv



15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

DERIVATIVES (Continued)

d2
/Wl ==0= 05t

n

r r(m—r)
du 1 dx
“_ ir &8
dx  dx " 70
du

d 1 du
a (loga Ll) = (loga €) ;E
d 1du
Ix (log, u) = i dx

d " du
(@) = a(log, @)

du
dx

d u u
E(e)_e

dx d.

d . du
p (sinu) = e (cos u)

d du , .
I (cosu) = — o (sinu)

d du )
a(tan u) = E(sec u)
d du 5
p (cotu) = — I (csc” u)

i(sec ) = @sec tan
dx W= "

i(csc u) = @cscu cotu
dx T dx

i (versu) = @ sin
dx W=

. 1 d
(arcsinu) = - a R

dx V1 — 2 dx

df) du  &f@W) (@)2

W) = v d—z + (log, ) u’ d

dx

d" n\ d"'u n\ dvd'u n\ d*vd"*u
dx" b = <0)vdx” i <1)de”“ * (2)@6&”‘2

d*y d*u n\ d"v
+m+(k>dxkdx"—k+m+(n>udx"

n n! . . . L n
where ( ) = ——— the binomial coefficient, » non-negative integer and ( O) =1.

av
dx

(—E < arcsinu < E)
2= )
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DERIVATIVES (Continued)

d 1 du
1. (- R . P
3 I~ (arccos u) N s (0 < arccosu < m)
d 1 du b b
32. E(arc tanu) = Tr e’ (—5 <arctanu < 5)
1
33. %(arccotu)=—1+u2%, (0 < arc cotu <m)

34 —(arcsecu)—;@ (0<arc secu<E —n<arcsecu<—E)
) dx _u«/uz—ldx’ - 2’ - 2
35 —(arccscu)——*é <0<arccscu I —n<arccscu<—E)

) dx - u,/u2_1dx’ 2 - 2
d 1 du
36. 5(arc vers l/l) = \/Tjg, (0 <arcversu < T[)
d . du
37. E(Slnh u) = a(cosh u)
d du , .
38. E(cosh u) = $(51nh u)
d du 2
39. $(tanh u) = $(sech u)
d du 5
40. $(coth u) = —$(csch u)
41. i(sech u) = —@(sechu - tanh u)
dx dx
42. i(csch u) = —@(cschu - coth u)
dx dx
d . -1 2 du
43. %(smh u) = log u+vur+1)] = \/—dx
d 1 du -
44. d—(cosh u) = —[log u+~vur—-1)]= s (u> 1,cosh™ u > 0)
x
d ) d[1 1+u 1 du )
45. $(tdnh M)—E[Elogl_u]—l_uza, (Ll <])
d[l, u+1 1 du 5
46. d—(COth ) a[zlogu_l} l_uza, ( > 1)
I+ +v1—u? 1
47. —(sech u) % |:]0g T » “ i| = um%, O<u<l, sech™u > 0)
d 14+ 1+ u? 1 du
48. ——(csch™ — 1o = —
( ) = dv|: g u :| lu|v/1 + u2 dx



49.

50.

51.

diq fp qf (x)dx = f(q), [ p constant]

d 1 . )
- /p F()dx = —f(p),  [qconstant]

d [? q de d
2 f,, fx.a)dx = / S ald gL~ fp.0T

p
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INTEGRATION

The following is a brief discussion of some integration techniques. A more complete
discussion can be found in a number of good text books. However, the purpose of this
introduction is simply to discuss a few of the important techniques which may be used, in
conjunction with the integral table which follows, to integrate particular functions.

No matter how extensive the integral table, it is a fairly uncommon occurrence to find in
the table the exact integral desired. Usually some form of transformation will have to be
made. The simplest type of transformation, and yet the most general, is substitution. Simple
forms of substitution, such as y=ax, are employed almost unconsciously by experienced
users of integral tables. Other substitutions may require more thought. In some sections of
the tables, appropriate substitutions are suggested for integrals which are similar to, but not
exactly like, integrals in the table. Finding the right substitution is largely a matter of
intuition and experience.

Several precautions must be observed when using substitutions:

—

. Be sure to make the substitution in the dx term, as well as everywhere else in the integral.
2. Be sure that the function substituted is one-to-one and continuous. If this is not the case,

the integral must be restricted in such a way as to make it true. See the example following.
3. With definite integrals, the limits should also be expressed in terms of the new dependent
variable. With indefinite integrals, it is necessary to perform the reverse substitution to
obtain the answer in terms of the original independent variable. This may also be done
for definite integrals, but it is usually easier to change the limits.

Example:

e
Cl2 _ )C2 X

Here we make the substitution x = |¢|sin 6. Then dx = |a| cos 6 df, and
Vi -2 =V —a?sin’ 6 = |a|\/1 —sin? 6 = |acos 6]

Notice the absolute value signs. It is very important to keep in mind that a square root radical
always denotes the positive square root, and to assure the sign is always kept positive. Thus
VX2 = |x|. Failure to observe this is a common cause of errors in integration.

Notice also that the indicated substitution is not a one-to-one function, that is, it does not
have a unique inverse. Thus we must restrict the range of 6 in such a way as to make the
function one-to-one. Fortunately, this is easily done by solving for 6

6 = sin”! *
|lal
.. . . L. T s
and restricting the inverse sine to the principal values, — 5 <6< >



Thus the integral becomes

/a4 sin* 0]a| cos 6 do

la| | cos 6|
Now, however, in the range of values chosen for 6, cos 6 is always positive. Thus we may
remove the absolute value signs from cos 6 in the denominator. (This is one of the reasons

that the principal values of the inverse trigonometric functions are defined as they are.)
Then the cos 0 terms cancel, and the integral becomes

a* / sin*0do

By application of integral formulas 299 and 296, we integrate this to

- 3
fcosh 3 3a
— 4M—%cos€sm9+?0+6‘

4
We now must perform the inverse substitution to get the result in terms of x. We have

.1 X
6 =sin~' —
lal

. X

sinf = —

lal

Then

2 72
cos@::i:x/l—sinzezj:\/l—x—zzi\/aix.
a

lal

Because of the previously mentioned fact that cos 6 is positive, we may omit the + sign.
The reverse substitution then produces the final answer

X B 3 > X
/md x«/ axVa >c+ sin~ |a|+C'

Any rational function of x may be integrated, if the denominator is factored into linear
and irreducible quadratic factors. The function may then be broken into partial fractions,
and the individual partial fractions integrated by use of the appropriate formula from the
integral table. See the section on partial fractions for further information.

Many integrals may be reduced to rational functions by proper substitutions. For example,

z=tany
will reduce any rational function of the six trigonometric functions of x to a rational function
of z. (Frequently there are other substitutions which are simpler to use, but this one
will always work. See integral formula number 484.)
Any rational function of x and +/ax 4+ b may be reduced to a rational function of z by
making the substitution

z=4+lax+b.

Other likely substitutions will be suggested by looking at the form of the integrand.

The other main method of transforming integrals is integration by parts. This involves
applying formula number 5 or 6 in the accompanying integral table. The critical factor in
this method is the choice of the functions u and v. In order for the method to be successful,
v=/[dvand J vdu must be easier to integrate than the original integral. Again, this choice is
largely a matter of intuition and experience.
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Example:

/xsinxdx

Two obvious choices are u=x, dv = sin xdx, or u = sinx, dv = xdx. Since a preliminary
mental calculation indicates that f vdu in the second choice would be more, rather than less,
complicated than the original integral (it would contain x?), we use the first choice.

U=2x du = dx

dv = sin x dx Y= —CoSX

/xsinxdx:/udv:uv—/vdu: —xcosx+/cosxdx

=sinXx — xXCosX

Of course, this result could have been obtained directly from the integral table, but it provides
a simple example of the method. In more complicated examples the choice of # and v may not
be so obvious, and several different choices may have to be tried. Of course, there is no
guarantee that any of them will work.

Integration by parts may be applied more than once, or combined with substitution.
A fairly common case is illustrated by the following example.

Example:
/ e’ sin x dx
Let
u=-ec" Then du = e dx
dv = sin x dx Yy = —COSX

/exsinxdx:/udv:uv—/vdu: —excosx—i—/e"'cosxdx

In this latter integral,
Let u=¢" Then du = e*dx

dv = cos xdx y=sinx

fexsinxdx: —excosx+/excosxdx: —excosx—l—/udv
:—e‘*cosx—i—uv—/vdu

= —e‘cosx+e'sinx — /exsinxdx

This looks as if a circular transformation has taken place, since we are back at the same
integral we started from. However, the above equation can be solved algebraically for the
required integral:

fex sin x dx = 3(e* sinx — ¢* cos x)

In the second integration by parts, if the parts had been chosen as u=cos x, dv = ¢*dx,
we would indeed have made a circular transformation, and returned to the starting place.
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In general, when doing repeated integration by parts, one should never choose the function u
at any stage to be the same as the function v at the previous stage, or a constant times the
previous v.

The following rule is called the extended rule for integration by parts. It is the result of
n+ 1 successive applications of integration by parts.

If

= [ewar.  em= [awmx
g3(x) = /gz(x) dx,...,gm(x) = /gm_l(x) dx, ...,
then
[ 109 g0 dx =09 0109 =70 20 £ ) — -+
D080 + (-1 [0 g d

A useful special case of the above rule is when f(x) is a polynomial of degree n. Then
S(x) =0, and

/f(X) - g(x) dx = [(x) - g1(x) = /(%) - £2(3) + /() - g3(x) = -+ (= 1)/ ()gu1(x) + C

Example:
If f(x)=x7% g(x)=sin x
/xz sin x dx = —x? cos x + 2xsinx 4+ 2cos x + C

Another application of this formula occurs if
S'(x)=af(x) and g"(x) = bg(x),

where a and b are unequal constants. In this case, by a process similar to that used in the
above example for [e¢*sinxdx, we get the formula

. x)-gx) —f'(x)-g(x
[ etwyax LD =IO
This formula could have been used in the example mentioned. Here is another example.
Example:
If £(x) = €™, g(x)=sin 3x, then =4, b=—9, and
. 3e* cos3x —2e**sin3 S
/ezxsm3xdx _2¢ Co8 _xg _4e o x—i— C :el—3(2s1n3x— 3cos3x)+ C

The following additional points should be observed when using this table.

1. A constant of integration is to be supplied with the answers for indefinite integrals.

2. Logarithmic expressions are to base e =2.71828.. ., unless otherwise specified, and are to
be evaluated for the absolute value of the arguments involved therein.

3. All angles are measured in radians, and inverse trigonometric and hyperbolic functions
represent principal values, unless otherwise indicated.

4. If the application of a formula produces either a zero denominator or the square root of a
negative number in the result, there is usually available another form of the answer which
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avoids this difficulty. In many of the results, the excluded values are specified, but when
such are omitted it is presumed that one can tell what these should be, especially when
difficulties of the type herein mentioned are obtained.

5. When inverse trigonometric functions occur in the integrals, be sure that any replacements
made for them are strictly in accordance with the rules for such functions. This causes
little difficulty when the argument of the inverse trigonometric function is positive, since
then all angles involved are in the first quadrant. However, if the argument is negative,
special care must be used. Thus if u > 0,

L _ 1
sin"'u=cos' V1 —u2 =csc™' =, ete.
u

However, if u < 0,
. 1
sin'u=—cos'vVI —u2 = —m—csc”! -, etc.
u

See the section on inverse trigonometric functions for a full treatment of the allowable
substitutions.
6. In integrals 340345 and some others, the right side includes expressions of the form

Atan~'[B 4 Ctanf(x)].

In these formulas, the tan~' does not necessarily represent the principal value. Instead of
always employing the principal branch of the inverse tangent function, one must instead
use that branch of the inverse tangent function upon which f(x) lies for any particular
choice of x.

Example:
x
/4ndx—2tan_1m§H]4n
h 2+sinx /3 V3 0
—i[tanIZtan2n+l—tan12tan0+1]
V3 V3 V3
_ 2 [Br_m]_d4n_4V3n
S V/3L6e 6] 3003
Here
tan’li2 tan2n + 1 = tan*IL = 13_1r’
V3 36
since f(x)=2n; and
an’lztano-‘_l—tan’li—ﬁ
N N

since f(x)=0.

7. B, and E, where used in Integrals represents the Bernoulli and Euler numbers as defined
in tables of Bernoulli and Euler polynomials contained in certain mathematics reference
and hand-books, as for example, Beyer, W. H., Handbook of Mathematical Sciences,
5th ed., CRC Press, Inc., West Palm Beach 1978, 577-583.
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N

w

oy

n

ELEMENTARY FORMS

. /adx:ax

. /a-_/'(x)dx: a/f(x)dx

- fomar= | “’T(f)dy,

. /(u+v)dx:/udx+/vdx,

INTEGRALS

dy

where ) = i

. /udv:u/dvffvdu:uvffvdu

except n = —1

(df (x) = f'(x) dx)

(df (x) = f'(x) dx)

6. /u% dx:uv—/v%dx
; _ xn+l

7. /x u’x—n+ T
f(x)dx o

8. e =log f(x),

9. /d—::logx
f'(x) dx .

1 = X),
2 Vf(x)

11. /e‘*dx:ex

16.

17.

18.

. / e dx = e /a

. / b dx

. /logxdx:xlogx—x

_ b(b\'
alogh’

(b > 0)

. /a’“ logadx = a*, (a>0)
/ dx _ ltan’l X
@+x2 a a
1
—tanh™! i
a a
dx
e B
1 X
ZIOgZi—;’ (@ > x%)
1 )
——coth™! i
dx a a
o2 or
! o s x? > d%)
2a gx+a’ .
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INTEGRALS (Continued)

20 =log(x+ vx2+a?)

/ dx
TSV ER

/ dx 1 X
. ———==—sec' =
xvx2—a* ldl a

1 (a+Va3:tx2>

21

22 ——log
X

/ dx _
S xJaEx a

FORMS CONTAINING (a + bx)
a+ bx
X

For forms containing a + bx, but not listed in the table, the substitution u =
may prove helpful.

. _(a-i—bx)"+1
23. /(a+bx) dx_m, (n#-1)
24 /x(a—i—bY)” A= b —— @by, (gt -1, —2)
) T TR (4 2) ’ br(n+1) ’ ’

1 [(a+ bx)™*? (a+ bx)"? (a + bx)"™!
2 "o — 2
25. /‘V\(a—kbx) dx_b3[ 13 2a 2 a o

m+1

X" (a+bx)" an . 1
X" bx)"" d
m+n+1 m+n+1/x (@+5x) ¥
or

1
an+1)

26. /x”’(a+bx)" dx = |:_xm+1(a+bx)n+l +(m+n+2)/xiﬂ(a+bx)rx+l d’C]

or

1
bm+n+1)

|:x'”(a +bx)"™! — ma / X" Na + bx)" dx]

dx 1
27. /a+bx = Elog(a—{—bx)

dx 1
28. =—
/ (a+ bx)? b(a + bx)

dx 1
29. / 5 =— 3
(a+ bx) 2b(a + bx)

biz[a—kbx—alog(a-i-bx)]

30. / X dx = or
a+ bx

X

b

a
ﬁlog (a+ bx)
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3

3

40.

41

4

43.

44.

45.

46.

47.

s [

7./
s./
9./

/

g
2./

[tz
I
[#=a
Jeiz

/

-/

INTEGRALS (Continued)

xdx 1
A AT
@ty bz[og(a—l—bx)—i— +b’€i|
xdx 1 -1 a
= + , 1,2
(a+bx)" b |:(n72)(a+bx)"72 (nfl)(a+bx)"’li| i
X2 dx 11 5 )
a+bx7b—3|:§(a+bx) — 2a(a + bx) +a log(a+b,\)]
T b~ dalog(at by — —
(a+bx)2_b3_a : @8l T o0 = hx
X2 dx 1T 2a a’
g (a by +777}
et e s s
X2 dx _i_ -1 N 2a _ e
(a+bx)" " B (n=3)(a+bx)">  (n=2)(a+bx)"2 (n—1)(a+bx)""
dx 7_1 o a+ bx
x(@a+bx)  a X
dx _ 1 7i o a+ bx
x(a+bx)*  ala+bx) £y
dx 7L l 2a + bx 2+lo X
xa+bxy @2\ a+bx ga+bx
dx 1 b a—+ bx
xX(a+bx) _a—i_aﬁbg
dx _2bx7a+b_21 b
Xa+bx)  2ax2 & 4+ bx

FORMS CONTAINING ¢?+x2, x> —¢?

dx _ a+ 2bx 2b.  a+bx
x2(a + bx)* T @x(a+bx)
dx 1
24 x2 —tan ¢
dx c+x 5
. pmp (¢ > x%)
dx x—c 2 2
x2— 2¢ log x+c’ o>
X dx
212 —:I:—log(c +x%)
X dx _ 1
(cz + x'))n-H - :F2n(c‘2 + XZ)H

X

dx _ 1
’ /(cz +x2)" 7 22 (n — 1)[

(2 £ x2)"! +

(XZ _ Cz)n

X dx
x2— 2

dx
(2n—3) /7(02 " XZ)”*I]

1 X dx
=221 [* 2 — a2y - (@2n— 3)/@]

1
= Elog o =c?)
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51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

INTEGRALS (Continued)

/ X dx _ 1
(x2 — 2y T 2n(x® =2y

If

/
/
/
/
/

/

/
/

/
/
/
/

Ik

FORMS CONTAINING a+ bx and ¢+ dx
u=a+bx, v=c+dx,

k=0, then v:Eu
a

)
%:%[glog(u) _2log(v)]

dx —l l+i]0 X
2o k\u kB

Xdx _—a_ ¢,

2 bku KBy
xzdx_ a? +i ﬁlo (V)+a
v Dku k2| d 08

dx 1 -1
wn . pm - k(m _ 1) un=1 . ym=1

u x k
- dx:;—&-ﬁlog(v)

-1 um+l un
=D [7\)”*1 +b(n—m— 2)/‘,%1 dx

or
Um dx -1 un um—l
v | dn—m— 1)|:F+mk/ v dx]
or

-1 u"
d(n—1) w1

m—1
mb / L — dx]
i

FORMS CONTAINING (a -+ bx")

dx 1 _ xab
arb = Va e @0
1 o a+x\/_:ﬁ
" 2ab Ca—xv—ab
at b or
! tanh’lx —ab
 —ab a
G 1k
a+b2x2" ab
xdx 1 )
m_z—blog(a—i-bx )
X2 dx _Xx a dx
a+bx2 b b a+bx?
dx _ X +L/ dx
(a+bx2?  2ala+bx?)  2a) a+bx?
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(ab < 0)

(ab < 0)

k=ad—bc
k — bc
%log(u)}
—(m+n—2)bf _ dxmf]
ut -y

}
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INTEGRALS (Continued)

66 / dx s o a+ bx
C ) a2 —b2x2" 2ab Ta—bx
L X 2m —1 /
2ma(a + bxz)”’ 2ma J (a+ b‘cz)m
X
67. | ———5= or
[(a+bxz)m+l
(2m)' rli(r — 1)! n 1 dx
(m!)> 2a — (4a)"" 2N a+bx2)"  (4a)" ) a+ bx?
68 xdx _ 1
S a4 bx)tt T 2bm(a + bx2)™
. X2 dx —Xx
(a + bx2y™! Zmb(a + bxz)”’ 2mb (a+ bx2)’”
dx 1 X2
R R T -
70 / x(a+bx?)  2a T b2
71 / dx __i_é/ dx
C ) X2(a+bxr) T ax a) a+bx2
1 +l/ dx
2am(a + bx?)" * a ) x(a+ bx?)"
7. [ o
x(a + bx2y"! " )
1 Z a +lo X
2am+1 | & r(a + bx2)' 8 b2
73 / dx _ l/‘ dx b
) XRa+ o) T a) X2a+bx)" al (a+ ba2yt!
dx (k + x)? —k sja
74, S tan! X8 k=2
/a+bx3 3a[20 a3 kﬁ]’ < b)
xdx 11, a+bx? 1 2x—k \Ja
75. ——=—|zlog—— 3tan” ——— k=]-
/a+bx3 3bk[2 0g(k+.x)3+fan 3D ( b)
x%dx 1 3
dx k1 X2 4 2kx + 2k2 _ 2kx Ja
7 /a+bx4 = Z[Elog 2 okx ok T —xz}’ (“b >0.k=\2
dx k1 x+k | X J a
. log—— - = 4=
78 /a—o—b*c“ % [2 g k—l—tdn k]’ <ab<0,k b)
79 [—m — L b>0 k—\/E
“Jaxrd T e \ TR
xdx 1 X2 —k a
80. _/a+bx4 4bk1 X2+k (“b<0’k:v_5>
x2 dx 11, x*—2kx+2k? 2kx a
81. | ——=——:1 - b>0,k=1—
_/a+bx4 4bk{2 O T 2k + 22 2% xz]’ (“ e \/;>
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INTEGRALS (Continued)
x2dx 1 x—k X a
82. =—|log=——+2tan”' = bh<0,k="—-
_/a-i—bx“ 4bk[0gx+k+ an k}’ (“ <%=y b)

X3 dx 1 4
83. /a-ﬁ-bx“ _Elog(a—i-bx )

dx 1 X"
84. | ——————=—log——
_/x(a + bx")  an Oga + bx"

85 / dx 1 / dx b X" dx
“ @byt al) (a+ b al (a+ byt

x"dx l/ XM dx _a X" dx
" arbxrytt T b) (@b b)) (a+ bxryt

dx 1 dx b dx
87. = - +1
xm(a + bx”)" a x’”(a + bxn)l’ a xm—n(a + bxn)P

1
= | ym—n+l mp+1 _ _ 1 _m—n NI
op F 1)|:x (a+bx"y a(m—n+ )/Vx (a+bx"y d,\]
or
1
m[xln+l(a+bx;xyz+anp/X;11(a+bxn)p—l dx:|
88. /x’”(a—i—hx”)”dx: or
1 m+1 nyp+1 / m+n \p
ey | Py o e [ ey a
or
; _mtl nyp+1 /ﬁl a1
an(p+1)|: X a0V A (A L np ) [ X0+ bX"YT dx

FORMS CONTAINING ¢ + x*

dx 1 (ctx) 1 4 2xFe
® [ttt e

V3 V3

90 / dx _ X . i/ dx
(@3 T33(B3EXY) 33 3A+x3

dx 1 x dx
ot /(c3 £ 03y 306 [(@ Ty TOn=D /7(03 I x3)11:|

Xdx 1 A+ 1 2x Fc¢
9. | ——~=—log———+——tan” T~
/03 +x3  6c S (ctx)} " V3 /3
9 xdx x? + 1 [ X dx
T J@ENY 33X 33 ) A3
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INTEGRALS (Continued)

xdx 1 x? X dx
o [ TS T [@3 oy O / @ xz)"]

X2 dx 1

. = =+ log( £ 5°

95 [63:|:x3 3 og(c’ £x7)
X2 dx 1

9. _
@2y T3 £ 0)

dx 1 X3
97. ———=—log—+——
/x(c3 +x3) 373 Ogc3 +x3

93 / dx = ! + ! lo x
) x(c3 £ x3)? T3c3(A£x3)  3¢b gc3 + X3

99 ] dx 1 L 1 / dx
) x@ 3y T30 (3 £ 0) x(c3 £ x3)"
dx 1 1 xdx
100. | ——F=——— I
00 /x2(c3 =+ x3) SxT e [c‘ + X3

101 de 1 dx N
) REE3yTT A R(E £ Ta (& + 3y

FORMS CONTAINING ¢* + x*

1, ¥ 24 ¢ /2
102. / logY +exv2te + tan™! cxv/2
6‘3\/— X2 — exy/2 + 2 e —x2
1
103. / = |:—10gc+—x+tan’]f:|
—X 2 c—X ¢
2
tan—! ~
104/ +x4 tan 2
xdx A+ x2
105/ T o—cz_x2
2 2 .
106. / llog’\ exv/2+c +tan~! exy2
+X4 V212 T2 4 ex/2 43 2 —x2
X2 dx 11 c+x X
107/ i [Elogc_x—tan E]

X3 dx 1 4, 4
108. fc“ix“:iZlOg(C +x%)

FORMS CONTAINING (¢ + bx + ¢x?)

X =a+bx+cx? and ¢ = 4ac — b?

H\2
If ¢=0, then X = c<x+2—> , and formulas starting with 23 should
¢

be used in place of these.

dx 2 2 ion _12ex+b

109. . (g>0)
F AN AN
-2 2¢A
=2 anh™! cx+b
dx \/_q \/_q
110/ = or
2 b— . /=
1 1 cx + (G <0)
= 2CA+b+ /=
1. éih’x—i—b 2¢ @

X2 gx 4l x
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INTEGRALS (Continued)

112.

N

dx 2cx+b 1+£ 67c2 dx
2X2 X

X g ¢J)x
2cx+b+2(2n—l)c @
ngX" qn xn
113, / o _ or

Xn+1
@) (e\" [ 2ex+bI~y g\ ((r— D! dx
W(Z) { 2 (T >+/X}

r=1

xdx 1 b [dx
114. T_ElOgX_Z 5

xdx bx+2a b [dx

115. [—= —— =
X2 qX q) X
16 xdx  2a+bx b2n—1) fdx
)Xt T pgxm nq Xn
x? x b b* —2ac [dx
117. | —=dx==———logX —
XN T2k + 2c2 X

2 2 _
118. /%dx:(b 2ac)x+ab  2a (dx

cqX q]x
119 xX"dx xn-l n—m+1 b (x" dx
)Xt T Qn—m+DeXt 2n—m+1 ¢ Xntl

m—1 a [x"2dx
2n—m+1 ¢ Xt

Y24 8% 4] x

B [ b XL (P e /@
Jx T2 % T T2 e X
dx 1 b [dx 1/ dx

122, [ - 0 [f& T [ ax
fo” 2a(n — X" 2a X”+a xXxn-1

2
120./dx 11 X b [dx

—

123 / dx _ 1 7n+m—1 é/ dx
* xm xn+l - (Iﬂ _ l)axm—an m—1 a ] xm=1xn+1
2n+m—1 c/ dx

xm=2 xn+l1

m—1 a

FORMS CONTAINING +a + bx

2 3
124. '/.x/a+bxdx73—b (a+ bx)

2(2a — 3bx)y/ (a + bx)
15h2

125. /x«/a-i—bxdx: -

2(8a® — 12abx + 15b*x%),/(a + bx)?
126. /xzx/a+bxa'x: ( e )

10553
2 m 3 m—1
m[x v/ (a+ bx ma/x \/a+bxdx:|
127. /x"’va + bxdx = or
2 2 ml(—a)"™" .
= b I N b r+1
T VAT ;) A =i+ 3@ T
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a+ bx dx
128. dx =2va+ bx + /7
/ X T evameRTa e atbx
Va+ bx Ja+bx b dx
129. >—dx = — +3
X X 2J xa+bx
a+ bx)? _
130. /\/a+bde:7 1 ( ) +(2m S)b‘/\/a—b—bxdx
xm (,n _ 1)[1 xm—1 2 xm—1
131 dx 2Ja+bx
’ Ja+bx b
xdx  2(Q2a-bx)
132. NZE T va+ bx
X2 dx 2(8a® — 4abx — 3b*x?)
133. N E Va+ bx
2 " xm—ldx
@m+ Db [" Vastbx - ma/«/a+bx:|
xX"dx
134. = or
/«/a + bx
2(—a)"Va+ bx i (=D)'m!(a + bx)"
bl = Q2r + Drl(m — n)la’
dx 1 Ja+bx —/a
135, | ——=——+=log s (a>0)
xJa+bx a Va+bx+ Ja
dx 2 _1 Ja+bx
136. /mi ﬁtan . (a <0)
137 dx __«/a+bx_£/ dx
) 2 Ja+bx ax 2a) x«/a+ bx
B va+ bx _(2n—3)b/ dx
(n—Dax""'  2n—2)a) x»-'/a+ bx

dx
138. [ —=
/ x"/a + bx

139. / (a+bx)F dx =

INTEGRALS (Continued)

@n-2) | Va+ bx”il: A= 1) (
[(n— 11 a

r=1 X

r2(r)!

b

" 4a

(a) o]

Aa+bx)?
b2 £ n)

140. f X(a+ bx)= dx =

14

1.[

2 [(a +00)" aa+ bxﬁ”}

b? 44n 24n
dx _ l / dx _ é / dx
Ma+bx)  al xatbx) @l (a+bx)
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INTEGRALS (Continued)

n/2 (n=2)/2
142. /w - b/(a +bx) D Py a‘/%dx

143. /f(x¢a+bx)d\_b/f< z),dz, (z =a+bx)

FORMS CONTAINING +a + bx and /¢ + dx
u=a+ bx v=rc+dx k =ad — bc

If k=0, then, v:éu, and formulas starting with 124 should

be used in place of these.

2 tanh ! Y20 k<0
bd by
or
dx 2 Vbduv
144, [ =1 2 ann!
N bdtdnh i bd >0, k > 0.
or
! 2
1 log(b‘ + v bduv) ’ (bd > 0)
bd v
2 tan-! ~ —bduy
dx —bd by
145. «/7_ = or
S ! (Zba'x +ad + bc) (bd < 0)
V=bd || ’
+ 2bv k2 dx
146. /de_TM s | =
1 df—\/kc
Vkd df—i—V
dx
147. / Nl or
/ 2
1 logu’ (kd > 0)
Vkd v

dx 2 d/u
148. | — =———tan™! , kd <0
/vﬁ T e =0

xds _ i _adtbe [ ds
Juv o bd  2bd ) Juv

150. / dx__ 2w

v/ uv kv

149.

vdx Juv k[ dx

4/uv: b 2b) Juv
v [vdx

152. —

3 /f Tl Vv

153. / V' udx =

151.

1 ] Vdx
@m +3)d(2‘+f+kf )

A-29



INTEGRALS (Continued)

dx 1 Ju 3 dx
N N T <_1+ <’" B E)b / w*ﬁ)

2 i Vm—l
s [ [ ]

v"dx
— or
155. fﬁ
2(”1!)2ﬂ m 7% m—r@ i
bem+ )= \"b) )

FORMS CONTAINING v/x? £ a?

156. /\/xz +a?dx = xvx2 £a> £ P log(x + Va2 £ a?)]

dx
157. [ ———=log(x+vVx2 £ a?
/szztaz g )
dx X
158. /7:—sec’lf
xvx2—a* ldl a
dx 1 a+~/x2+a?
189. | ——=—-log| ———
xv/x2 4+ a? a X

2 2 2 2
R (+— M)

Vo
161. /%dx:x/xz—az—lalsec’lg

X dx
162. [ ——=+Vx2+da?
Vx2+a?

163. /x«/xz @ dx=1/(> )
1 3d®x 3a*
2 2\3 Jy — — 2 2)3 V2 2 - /52 2
164. /,/(x ia)dx_4|:x,/(x +a?)y + 3 x> +a*+ 5 log(x + v x ia)}

+x

165./ @ _
\/(xzj:azf NEE

166. / xdx -l
\/(xz + 2 Va2t a?
167. /x,/ X2+ a?)dx = L2+ 2y’

2 4
168. /X2VX2ﬂ:a2dx: ,/(x2:|:a2)3:|:%x«/x2:|:a2—%log(x-‘r«/xzzl:az)

X
4

169. / PV + @ dx = (7 — Ea)/ (@ + x2)

170. /x3\/x2 —atdx = l\/(x2 —a) + iz\/(xz —a?)?
5 3

X2 dx X a*
171. ———=—Vx2+a? F—log(s 2+ a2
7 Neswr 2«/x a :F2 og(x +vx?+a?)
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INTEGRALS (Continued)

X3 dx 1
172. | —— =2/ 2+’ FV2+a?
S 3 ( ) F

Y
xz»\/xZ:I:az_:F ax

dx Vxl4a?t 1 a+/x2+a?
174. = + 710g .

173.

x3«/x2 =+ a2 26{2)62 2 3
x2 —a? 1 x
175. = ——sec! =
/x3«/x2 %) 2a2x? + 2|a3| i

176. / (2 @) de =2 \/(xzj:cﬂ) :F (x2 £ a?)? \/xzj:a2

:FElog(x—i—«/x2 +a?)

1 @
3/ 3 5 7 5
177. /vc (x2+£a?) dx_7\/(x2ia2) Fs \/(xziaz)

CEdd Cia
178. /“/V YZ“ ‘:J/‘Y T log(x + VA2 £ )

1 X = — ——1
79. e dx 7 % og

A Var+a2 1, a+ P+
X

180.

2 _ 2 72 .
/\/x - a dx:—\/x a 1 1)

X
2x2 2lal a

/2 3 ,/ v—:l:a2
181./ "f“ (
X

3a2x3
182. / ¥ d 4 log (x + vV x2 £ a?)
\/(xz + az) Vil Ead

S 2
183. /A:«/xuuﬂi a

/(Xz + a2)3 \/X2 +a?

A 1 1 a+x2+a?
184. = - Slog—————
x\/(x2 + a2’ @V ta a X
dx 1 1 X
185. / =— ———sec”' =
¥ /(xz — &y V=2 |d| a
186 / dx 1 \/xzzl:azJr X
. ¥2,/(x2 £ a2)? a x wta
187 / - ! N R B L SR
: L 5 222+ 2 2dX2 + a2 245 X
X3 (X2 +az)§ 2a*x X
dx 1 3 3 X
188. = - ————sec —
/x3 [ — a2y} 2822V =@ 22— @ 20d0) a
X" 1 m—1 X2
189. | ——dx=—¥""Vx2+ta’ 2
Vxtta? Tt vEeFT e 'Z:I:a
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190.

191.

192.

193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

205.

INTEGRALS (Continued)

(Zm)! L — o -
/\/mdx = zlm(m!)z [WZ (2 )' :Fa ) (2’6)2 1

+(Fa)" log(x + Vx> £ az):|

2m+l (27’) (m ) )
‘Cz +a 2 m—/XZV‘
,/VZia2 Z(zm_,’_l)'( ')2( )
dx _ VX2t a? (m—2) dx
N e R (I Ve (TR Vol R W e
dx m— ] )|m|(2,)'22m—2r—1
e R G M
X xt +a? = (Y m)l(Fa?)" X2
& _embVesa Z (i M=)
XL /XTEar (ml)? 2 2021 (4a2)" " x>
0" VXt +a
22m g2m+1 0 x
dx _Cm) | Va2 —ar & A= 1) 4 1 X
X2 a2 (ml) @ =220 Ea) TN 2P see
/ > V=
(x —a)Vx? —a? a(x — a)
Vo —

/(x+a)Vx2 —2 a(x + a)
/.f(x, Vxt+a)dx=a /f(a tan u, asec u) sec’ u du, (u = tan™! 2 a> O)

/f(x,Vx2 —az)dx:a/f(asecu,atanu)secutanudu, (u:sec’ll\‘,a > 0)
a

FORMS CONTAINING va? — x?

1
/vaz —xzdx:§|:xx/a2 —x2 +azsin_li]

|al
sin™! X
» |al
/Vaz —x2 B o X
—cos™! —
|al
/ 7_110 a+vat—x?
wWa—x2 a X
[ — Yz /2 32
/ =vVa? - x? alog<a+ ” )
xdx 5 5
Wraciale at —x

/ W& dx = L@ -2
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INTEGRALS (Continued)

206. /v(ﬂz — 32 dy = [\\/ (a? — x? \/—\2+ sin™! Izl]

X

dx _
/\/(az _ x2)3 T a2JaE — 2

207.

1

/ xdx _

\/( 2)3 B Va —x?

209. /x,/(a2 — x2)dx = —L/(a? —x2)

210. /x2Va2—x2dx: w/(az—xz) +— (\c«/az—xz—o—a sin” F:ll)

211. /x3«/a2 —x2dx = (7%x2 7%412)\/(412 —x2)}

212. / X/ (a? — x2)? d\_——x\/(az a2y 4 4 \/(a2—x2) +16 v 2 2 +—sm 1“7
2

213. /xS\/(az —x2)3dx:;\/(a2 —x2) —%\/(az —x2)°

208.

xX2dx b a* X
214, | ——— = V@2 — 2+ —sin ' =
o 3 as — x- + 5 sin il

dx a — x?

215. = —
/xzv a? — x2 ax

Va2 —x? vad—=x2 | x
216. dx = — —sin” —
2 X la
var — x? vad—=x2 1, a+~a?—x?
217. dx = — — 4+ —log——m—
3 2x2 2a X
Vo —1 a2 — x2)3
218./”4"dx=—( )
3a?x3
219. / Pl X g ¥
\/( 2)3 \/02 —X2 |(l|
Xdx 2 5 93p a0 aap_ L s/, 2
220. /m_ 3(a x7) x(a —x7)/" = 3 a? — x> (x" +2a°)
3 2 2
221. /izﬂa — X2 4 ad 5= a + Va2 — x?
\/m @ - R
oo dx _ a? — x? Llo a+vat—x?
Ve =2 282 248 & X
dx 1 1 a+at —x?
223. = ——log
x\/(az N AN —x2 a X
d> 1 S —
224, / S
X2/ (@ — x2) a X @ —x*
dx 1 3 3 a+va*—x?
225. / =— + ——lo,
B = x2) 2822 a* = X2 2t aE =2 280 ¢ X
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INTEGRALS (Continued)

226 X" d Xk =2 n (m — 1)a? x"=2
. X = —
Va2 — x? m m [ — x-
X et s He— 1! @ x
227. Ix = 2m—. 21 2r 1 B N
7 —az — ——dx (m!)z Z 22m=2r+1 @) a + >om sin Il
2m+1 29! N2
228. —— 2 —Va Z Lm)z (4a®)" " 3
N £ 2m+ D)
229 b _ Va2 = X2 " m—2 /’ dx
T2 =2 (m—Daxml (m—1Da? ] xm-22 — 2
230 ax _ ’”Zl(m — Dlml2r)122m=2r1
RN = ("2 (2m)lam=2r x2r+1
dx _(2m)! N Pi(r—1)! 1 a—~a*—x?
2L 2l — 2 (m!)2|: 22(2,)1(4(12)"1 T >om a1 log <
o GWESE TR,
232. = log X (a” > b)
B2 =W —x2 26V B2 b —x?
% 1 1 xVbr—a? y
233. = tan b > a’)
R N e N e N
234 L et
: B+ X2V — X2 bJd + D2 b — X2
235 Vet - x2 dx = va 1+ sin”! Wt —sin~' o
IS b1 v+ B2 lal

236. /f(x,x/a2 —xz)dx:a/f(asinu,acosu)cosudu, (u: sin’lg,a > 0)

FORMS CONTAINING +a + bx + cx?

X =a+ bx +cx?, g =4ac— b, andk:%

If ¢ =0, then VX = ﬁx+£‘
—log(2vVcX +2cx + b)
J «f
X
237. —_— = or
Jx
R L
Je N
2ex+b
238. / n! (¢ <0)
X f“c Nl
_2Qex+b)
q NS
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240.

=

241.

242.

243.

244.

245.

246.

247.

248.

249.

N1

250.

251.

252.

253.

254.

255.

INTEGRALS (Continued)

dx  2(Q2cx+b) ( >
+2k
VX 3¢vx \X
2(2¢x + b)f 2hk(n — 1) /
p 2n — l)qX" 2n—1 X1
[ - = or
VI e Byl — Dk =L @
qlen) WX (kXY (r)?
[fd (20( + b)\/—
T 4 Zk J—
_ Qex+b)VX VX 3 [ dx
/ XV Xdx = X + +3a 7%
, Qex+bVX ([, 5X 15 5 [dx
/X‘Fl T e M taTee) tiee ) U
Qex+HX'VX  2n+1 el
4+ e k) X VXdx
[ XX dx = or
Qn+2)! kQex 4+ b)VX N + DI@kX)
[(n + D4k ¢ — (2r+2)
xdx VX b [ dv
JX ¢ 2¢) VX
xdx _ 2(bx + 2a)
YJX | qJX
xdx _ X _i dx
X /X  @Qn—1Dexr 2c) xnJX
x2dx x 3b 3b% —4ac [ dx
7= G T [
X2 dx _ (2b* — 4ac)x + 2ab n l ﬂ
XJVX VX c)] VX
X2 dx _ (2b* — 4ac)x + 2ab . dac + (2n — 3)b? /’
XX Qn—Deg XWX (2n— 1)cg X=X
X dx (7 Shx  SB 2a\ . (3ab_ S\ [ dx
VX 3¢ 12¢2  8¢3 3¢ 4¢2 1663 VX
n _ n—1 _ n—2
X" dx _ ix”_l\/}— @n—Db (x""dx (n—Da [x"dx
JX  ne 2ne X ne JX
XJVX  bQecx+Db) b [ dx
[ema=5F PRV - o [

/\X«/—dY_ic——/Xx/—dx
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INTEGRALS (Continued)

, Xn+l\/" N
256. /xxfdx_m——/xfd

2
257. /xzﬁdx: V—S—b Xﬁ+5h 4ac/\/—dx
6¢c) 4c 16¢2

258.

/ dx ——Llo 2 aX + bx +2a (@>0)
WX Ja't x ’

dx . bx 4 2a
259. /—:—5111_1( ), a<0
XX A/ —a [xl/=q ( )

260. / & _ X

‘Cﬁ_—w, (a=0)

261 / dx 77Q7£/ dx
TS VX T ax XX

[

FORMS INVOLVING +2ax — x?

264. f«/Zax — X2dx = %[(x —a)V2ax — x> + a*sin”! %]
a

- a—x
|al
265. f
V2ax — x?
L Xx—a
sin
n—]2/_~23/2 2,
X (2ax — x*) (n+1)a/ ' =2 dy
n+2 n+2
or
266. /X"V 2ax — xtdx = ! (2}1 + 1)!(r!)2an—r‘+l )
V2ax — x? X'
n+2 — 2" (2r + Di(n + 2)!n!

Q2n 4+ Dla"+? R
2"nl(n + 2)! lal

267 /\/2ax—x2d¥7(2ax—x2)3/2 n—3 /‘\/Zavc—x
’ T (B3=2max"  (2n—13)a xn-1
X'~V 2ax — x2 a(2n7 1)/ X1
n V2ax — ‘Cz
ﬂdx
268. or
2ax Vax—=2

& rl(r — Dla™" 11 v
xRy @ = DT Gl x
= 2"7(2n)(nl) 27(nl) |al
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269.

270.

271.

272.

273.

274.

275.

276.

2717.

278.

279.

280.

281.

INTEGRALS (Continued)

V2ax — x2 n—l/ dx
a(l =2n)x"  2n—1aJ yn-1

X
/x’WZax —xX

or

—1V2ax — x2

mz? "(n — 1)!n!(2r)!

pare (2}’[)'(/") an— rxl'+]

X—a

x
/(2ax —x2)? T 2V 2ax — 2

xdx

X

(2ax — x2)¥? - av/2ax — x?

MISCELLANEOUS ALGEBRAIC FORMS

dx
/«/2ax +x2

log(x + a + v/2ax + x?)

//ax2+cd,v:§/a,v2+c+

2a

Llog (xva++vax?+c),

(a > 0)

/\/a*c2+cd‘c_—\/a‘c2+c+2\/__sm (x\/—_g>, (a<0)

/

+\‘dx:sin_1x—x/1—x2
—x

Ll Vaxt+c— /e
ny/c & tet Jax"¥ ¢+ /e
X
,/.x«/ax” e o or
«/a‘c +c—4/c
nf A
> 2 1 ax
" C secT )
/x«/ax”-i—c n«/—cSec c (e<0)

/m fbg(

(c>0)

xJa++vaxt+c¢), (a>0)

dx 1 . ‘\/7 0
/«/ﬁ_ﬁsm (V\ _Z>’ (a<0)

/(ax2 +C)m+1/2d)€ _

/ x(ax? +c)'”+2d =

x(ax? 4+ ¢V Qm+ e

or

2m+1) 2m+1)

/ (ax* + c)’”_%dx

(ax® +¢)

@2m + D)l

m 2 m—r
- Qm + D) "
xvax? +c EO o
o

2 ml(m + D)2 + 1)!

22m+iml(m + 1)!

(ax +C)m+2
2m+ 3)a

A-37



282

283

dx

(axz +C)m+]/2
’ X

dx
* (axz +C)nz+1/2

dx =

INTEGRALS (Continued)

2 Am+1/2 2 Nm—1/2
(ax* +¢) +c/(ax +¢) dx
X

2m+ 1
or
2" (ax? 4 c) dx
[ 1 . + L,m+1 /
ax +L; 2r+1 xvax? +c¢

X 2m—2

dx
+
@m = De(ax? + Y"1~ 2m — 1)6’,/(41362 + )12

or
x A==y (20!

VaxZ ¢ = Cm)\(rt) em=r(ax? + o)
Vax? + ¢

dx

284

_ (m—2)a /
. x"Jax2 + ¢ - (m— l)CX’”*l (m— 1)6 x"=2ax? + ¢

1+ x? 1 X2+ T+ x4
285 | ———F——dx=—Flog———5—
(1 —x)V/1+ x4 V2 l—x
2
286. lixdx - Ltanfl Y—ﬁ
(14 x2)V/1+ x4 V2 V1 +x*
287 / dx _ 2 a+ V¥ + a?
Y xV+ a2 na X
dx 2 a
288, | ————=—"—sin"!' —
/x«/x” —a? na N

[ x 2 x\32
289./ mdxfgsm (Z)

FORMS INVOLVING TRIGONOMETRIC FUNCTIONS

1
290. /(sin ax)dx = — Ecos ax

1
291. /(cos ax)dx = P sin ax

1 1
292. /(tan ax)dx = — Zlog cosax = alog sec ax

1 1
293. /(cot ax) dx = —logsinax = ——logcscax
a a

T

1 1
294. | (secax)dx = —log(secax + tanax) = —log tan( + ﬂ)
a a 4 2

1 1
295. f(csc ax)dx = Zlog(csc ax — cotax) = ;log tan

1
296. /(sin2 ax)dx = — % cosaxsinax +

ax

2

LIV SN IS
2,\—2X 4asm ax

1
297. / (sin® ax) dx = — 3, (cos ax)(sin® ax + 2)

298. / (sin* ax) dx =

299. / (sin” ax) dx =

3x

8

sin"™" axcos ax

-t — / (sin"2 ax) dx

sin 4ax
32a

sin 2ax
4a

n—1 n—1

na
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300.

301.

302.

303.

304.

305.

306.

307.

308.

309.

310.

311.

312.

313.

314.

315.

316.

317.

318.

m—1

INTEGRALS (Continued)

/ (sin®™ ax) dx =

a

/ (sin®™*! ax) dx = —

1 . 1
/(cos2 ax)dx = % sin ax cos ax + =

— (2m+ D>

1 1 .
X =-x+-—sin2ax

2 2 4a

/(cos3 ax)dx = % (sin ax)(cos® ax + 2)

X

/(0054 ax)dx = 38

4a

sin 2ax

sin4ax
32a

1 . n—1
/(cos” ax) dx = —cos" ! axsinax + —— | (cos"? ax) dx
na n

_cosaxZ m)(r!)? o 2m)! .
a = 02m=2(2r 4 1)\(m!)> 22m(mly*”
€08 ax - 222 (m(2r)) .,

ax

/ (cos ax)dx = sin ax’”i @mlrh? x4+ _@m)t X
a 2= 4 1)!(m!)2 zzm(m!)Z
/ (cos™™ ! ax) d = sin ax & 22’”’2’(m!)2(21;)! & ax
a = 2m4+ 1)
d> 1
/ - ZY :/(csczax)dx:ffcotax
sin” ax a
dx - 1 cosax ~m—2 dx
s oM = (CSC ax) dx = — 1 s om=2
sm- ax (m — l)a S’ ax m-— 1 S’ ax
1 222 iy — 1) lmd(2r)!
/— /(csco"’ ax)dx = ——cos axZ (mz - 2),::1( 1)
sin a = (@Cm)(r)” sin ax
/ ssz f (csc™ 1 ax) dx
2m)!()? 1 (Cm) >
:——cosaxz (2m)(1) 53 1._Gm 5logta a
a = 22m=2r(m!)*(2r + Dlsin” ™ ax - a 2%7(m!) 2

[ cos2 ax
fcos”ax

dx
cos2 ax

/ (sec” ax)dx =

1
Ix = —si
/(sec " ax) dx asmaxz

1
/(sec ax)dx = —tan ax

n—2
n—1

dx
cos" 2 ax

1 sin ax

/

W=l 2221 iy — 1)) (20!

(n—Da cos™ax

—r @Cm)\(r)? cos?+! ax

7

2m+1
_— (sec ax) dx
[C082m+1 ax / )

m—1

@m)\(1)? 1 Cm)

—sma‘c E

= 22m=2r(m1)?(2r + 1)! cos¥+2 ax

a 22n1(m!)2

/ (sin mx) (sin nx) dx = Si;((::: :Z))x - SI;((ZiZ))x (m* # n?)
/ (cos mx) (cos nx) dx = Sirzl((z : 2)))( sn;((:zi:))x (m* #n?)

1
/ (sin ax) (cos ax) dx = % sin” ax

A-39
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INTEGRALS (Continued)

319. / (sin mx) (cos nx) dx = — CO;((Z: :))x - C"zs((,’::,’:;x, (m* % n?)

320. [ (sin® ax)(cos® ax)dx = — L sin4ax + a
32a 8
m+1
321. /(sin ax) (cos” ax)dx = — %
s omA+1
322. [ (sin™ ax) (cos ax) dx = %

cos"™ ! ax sin"*! ax Lme 1
(m+n)a m+n

/ (cos™ 2 ax) (sin" ax) dx

323. / (cos™ ax) (sin” ax) dx = or
son—=1 m+1
sin"~" axcos”™ ax n—1 e
+ (cos™ ax) (sin" 2 ax) dx
(m+n)a m+n
cos"*! ax m—n+ 2/ cos™ ax
— — — — x
(n— Dasin" ' ax n—1 sin"~2 ax
cos” ax
324. T dx = or
sin” ax
cos” ! ax m—1 /cos’”’2 axd
- X
a(m —n) sinlax m-—n sin” ax
com+1 s
sin”™ ax m—n+2 [ sin” ax
a(n — 1) cos" ! ax n—1 cos"2ax
1A
sin” ax
325. dx = or
cos” ax
sin™ ! ax m—1 [sin"%ax
— -+ dx
a(m—n)cos"lax m—nJ cos*ax
sin ax 1 sec ax
326. dx = =
cos? ax acos ax a
sin” ax 1. 1 T ax
327. dx = ——sinax +—log tan(f + )
cos ax a a 4 2
cosax 1 cscax
328. ——dx = —— =-
sin” ax asin ax a

1
—logtanax

dx
29. - =
329 /(sin ax)(cosax) a

1 ax
330 - (sec ax + logtan ?)

/ dx _
*J (sinax)(cos?ax)  a
1 dx

331 / dx = + -
*J Gsinax)(cos"ax)  a(m— 1)cos"! ax (sin ax) (cos"2 ax)

1 1 T ax
= ——cscax +7logtan(7+—>
a a

332
4 2

f dx
’ (sin2 ax) (cos ax)

333 - g cot2ax
a

/ dx _
© J (sin? ax) (cos?ax)
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INTEGRALS (Continued)

1

B a(m — 1) (sin™ ! ax) (cos"! ax)

de n m+n— 2/ dx
334. / S — m—1 (sin™2 ax) (cos” ax)

sin” ax cos” ax

or
1 m+n—2 /‘ dx
a(n—1) sin” ! ax cos"! ax n—1 sin” ax cos"2 ax
. 1
335. fsm(a + bx)dx = — 5 cos(a + bx)
1.
336. /cos(a + bx)dx = 5 sin(a + bx)
dx 1 T ax
337. / 1 +sinax *Etan(i :':7)
338. /L —Lan®
14cosax a 2
339. /L = Lo
1 —cosax a 2
2 atan X +b
tan~ 2
2 —n 2 — )
*340. / L = or
a—+ bsinx

1 atan%-ﬁ-b—«/bz—a2

log %
b —a? atans +b+ /b2 —

D) \/aszztanE
tan™! 2
2 — b2 a+b
*341. f A or
a+ bcosx .
1 \/hz—aztané-i-a-i-h

log %
b —a? «/bz—aztanz—a—b

*342. /*
a—+ bsinx + ccosx

! b_\/bz""’72_az"'(ﬂ—(‘)tanE
= L e ericane
N/ — b+m+(a_c)tan§
or
X
= b+(a—c)tan>
2 -1 2 . 2 > 5
tan > ifa°>b"+c¢
Jazt —bp2 — 2 \/az—bz—cz
or
1[a—(b+c)cosx — (b —c)sinx '2 .
a fa? = _
a[“*(b*C)COSx+(h+c)sinx’ ha +c,a#c

*See note 6 on page A-19.
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INTEGRALS (Continued)

.
sin” x dx 1 ja+b a X
s3q3, [ SOxd 1 S )
3 /a-i—bcoszx bV q (a-i—htdr”) b’ (ab >0, or |a] > |b])

A 1 an»
344, / dx _ :—tan"(bt‘mx)
a’cos?x + bh?sinx ab a

*345, / cos? C"x o — a2 + b2 tan-! Ja® + b2 tan cx X
@ + b?sin® ex ab*c a b2
sin ¢x cos cx 1
346. / dx = log(acos?® ex + bsin® cx
acos? ex + bsin® cx 2¢(b — a) e )

347. / O gy = / dx
acoscx + bsincx a+ btancx

= m [acx + blog(acos cx + bsin cx)
sin ¢x dx 1
348. Ix = = x — bl incx+b :
/asincx-i—bcoscxéx /a-i—bcotcx c(a2+b2)[a“ og(asincx +bcos cx)]
1 ctanx 4+ b — /b2 —ac )
og R (b” > ac)
2v/b? —ac T ctanx+ b+ /b* —ac
or
dx 1 ctanx + b
*349./ = -1 i 2 ,
acos? x + 2bcos xsin x + ¢sin’ x ,/ac,bztan fac — 2~ (b7 < ac)
or
1
- - b = ac
ctanx+b’ ( ac)
sin ax 1 T ax
350. | ————dx=+x+—tan(- F—
/lj:sinaxx Y—i_aan<4;2)
dx 1 T ax 1 ax
351, | —————————— =—tan(- ~logtan—
(sinax) (1 £sinax) a an(4:|: 2) +a ogtan 2

dx 1 T ax 1, s/m ax
352. /—(1 n sin ax)z = —2—atan(z — ?> — atdl’l (Z — 7)

. [t -GS %)

sin ax 1 T ax 1 T ax

354, | —————dx=——tan(- — —tan’ (= - =
(1 + sin ax)? * 2a dn(4 )+6a an ( 2)

sin ax 1 nax 1 (T ax

355. = cotf=—== TN S
/(1 - smav) 2a° (4 2 ) +6aco (4 2)

sin x dx
356. fm—z‘zfm

x b dx
357. | ————— =—logt _
/(sinx)(a+bsinx) a o8 an2 /a—l—bsmx

358 / _ bcos x n a / dx
" J@+bsinx)? (@ —b)(a+bsinx) o> —b ) a+bsinx
*See note 6 on page A-19.
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359.

*360.

*361.

362.

363.

364.

365.

366.

367.

368.

369.

370.

371.

372.

373.

*374.

*375.

*376.

377.

INTEGRALS (Continued)

sinxdx acosx n h / dx
(a+bsinx)>  (B*—a*)a+bsinx) b2 —a? ) a+bsinx
/ dx 1 tan’l Va2 + b2 tan ex
@+ bsin®ex acar + b2 a
72— B2 tan cx
a1V b tdnc,\’ @ > 1)
/ acVaz b2 a
a*— b2 sin® cx /b2 — @ tancx +a @ <#)
s <
2acm «/Htan cx—a
/de =x— —tdn—
1 + cos ax a 2
/ cosax 1 ax
—————dx=—x——cot
1 —cosax a 2
—dx =-lo tan(E—Fﬂ) —ltanE
(cosax)(1 +cosax) a g 42 2
—dx =-lo tan(E + %) ——cot ax
(cosax)(l —cosax) a g 4 2 2
/7 itan%—&-itan}ax
(1 +cosax)* 2a 2 6a 2
‘/701)6 = lcot @ icot3%
(1 =cosax)®  2a 2 6a 2
cosax 1 a 1 3 ax
72 ‘C t ~ _t(
(1 + cos ax) 2a 2 6a 2
e N N icotE - Lcot3 ax
(1—cosax)*  2a 2 6a 2
/ cosxdx X _a dx
at+bcosx b b)) atbcosx
dx 10 tan(‘c+ ) h/ dx
(cosx)(a+bcosx) a g 2 4 a) a+bcosx
/ A _ bsin x __a / dx
(a+bcosxy? (B*—da®)a+bcosx) b*—a? [ a+bcosx
cos X ‘o asin x b / dx
(a+bcosxy (@@ —b)a+bcosx) @ —b*J a+bcosx
/ dx _ 2 -y +b tan<*
a*>+ b2 —2abcoscx  c(a® — b?) a—>b 2
/ dx _ 1 tan—! atancx
@ +b2cos?ex aeaE + b2 /i + D2
1 _, atancx 5 ’
tan a >b
dx acv'a® — b2 Var = b? ¢ )
/ T Plcolox or
@ — breostex 1 atancx — Vbr — a2 > o
1 b >a

og )
2acvb — 2 atancx + VB — @

sin ax 1
f TT cos ax & = F - log(l £ cosav)

*See note 6 on page A-19.
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378.

379.

380.

381.

382

383

384

385.

386

387.

388.

389.

390.

391.

392.

393.

394,

395.

INTEGRALS (Continued)

cos ax 1 .
/m dx = £ - log(l * sinax)

./ = ==+ : + Ll() tan%

(sinax)(1 £cosax) ~ ~ 2a(l £cosax) 2a g 3

/ dx = ! + l10 tan(n—o— )
(cosax)(l £sinax) | 2a(l £sinax)  2a £33

sin ax

1
2T e =-1 .
(cosav)(l £cosax) "~ a og(secax + 1)

cosax

1
e | dx = —-1 x+1
(sin ax)(1 &£ sin ax) - a oglescax 1)

sin ax dx = ! iilo tan(E + ax>
" ] cosan) (I £sinax) ™ T 2a(1 £sinax) - 2a NG T 2
cosax dx = ! :I:ilo tan X
*J sinax)(1 +£cosax) =~ 2a(l £cosax)™ 2a gtan—

dx 1 ax T
————— = —— logtan(—+ -
/sin ax+tcosax a2 08 an(2 8)

/L = ltan(ax F E)
©J (sinax £ cosax)’  2a 4

dx 1 ax
™ 4+ oef1 +tan—
/1 + cosax =+ sin ax ia og( +tan 2)

/’ dx 1 o btancx + a
@cos?ex — b2sin®cx  2abe Shtancx — a

. 1 . X
x(sinax)dx = —sinax — — cosax
a a
5o 2x . a?x? —
x“(sinax)dx = —sinax — ———— cosax
a? @
3. 3a?x? — 6 . @x* — 6x
x’(sinax)dx = ————sinax — —————cosax
a* @

1 m
— —x"cosax + — | X"~ cosaxdx
a a

or
. [m/2] -2
X" sinaxdx = T xmeer
cos ax E D" —— o
(m—=2r)! a**
r=0

[(m=1)/2] xmf2rfl

|
tsinax Y (—1) —

o m—2r—1 g2

Note: [s] means greatest integer < s; [35]=3, [§] =0, etc.

1 X .
x(cos ax) dx = — cos ax + —sinax
a a
) 2x cosax a*x?—2 .
x*(cosax)dx =——>5—+ s——sinax
a a
3 3a*x? — x> —6x
x’(cosax)dx = T cos ax + 3 sin ax
a a
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396.

397.

398.

399.

400.

401.

402.

403.

w

404.

405.

406.

407.

408.

409.

410.

411.

412.

413.

414.

INTEGRALS (Continued)

x"sinax m
.
or
[m/2]

/ x"(cos ax)dx =

X"V sin ax dx

X" 2r

S‘““‘Z( D r—] (m— 2,-)[ T2

[(m=1)/2] m! xmerfl
. ! R
+ cos ax ;‘ (1) T T
See note integral 392.
2n+1
/sm ax o Z(_ y (ax)
por Q2n+ DC2n+ 1)
COoSs ax (ax)™
dx =log) -1)"
/ ¥ =logy+ Z( D 2n(2n)!
wc(sm ax)dx = X2 xsin2ax  cos2ax
. T4 4a 8a?
3 B 2 1 2
/xz(sm ax)dx = % (:—a — @> sin 2ax — %

/ x(sin® ax) dx = xcos3ax sin3ax 3xcosax 3sinax
: T 12a 36a% da 4q°
x*  xsin2 2a

/x(cosz ax) dx 2% + % Cofjaza‘C
3 2 1 2a;
/x2(0052 ax) dx :% + (z—a - @> sin 2ax + %ﬂzax
/ ©(cos® ax) dx = xsin3ax cos3ax 3xsinax  3cosax
. : T 12a 3642 4a 4a?
sin ax sin ax a cos ax
dx = — d>
/ xm X (m — l)xm—l m—1 / xm—1 X
/cosaxdx: __cosax a4 /sinaxdx
xm m—=1Dxm1 m—1] xm-!
X COS ax
x = —1 1+
/1 =+ sin ax dx :Fa(l :I:smax) og(l & sinax)
/ tanax 2 lo cosax
1 + cos ax dx =yt plegcosy
/ 7§cot +£lo sin@
1 —cos ax a 2 T2 0y
/x—i— 5111de - xtanf
1+ cosx 2
X —sinx X
 dx=—) t—
_/ 1 —cosx Y reo 2
2sin ax 272 ax
V1 —cosaxdx = ————==———cos|—
/ av/1 —cosax a (2)
2sin ax 2f
V1+4cosaxdx = ———— (—)
/ av/1+cosax  a 2

[vl +sinxdx = iZ(sin%—cos%),

[use + if (8k — 1)% <x< (8k+3)g

A-45
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415.

416.

417.

418.

419.

420.

421.

422.

423.

424.

425.

426.

427.

428.

429.

430.

431.

INTEGRALS (Continued)

/«/1 —sinxdx = :I:Z(sing +cos§),

[use +if (8k — 3)% <x <(8k+1) g, otherwise —; k an integer }

=+v2 2 log tan—

/«/l—cosx 4’

[use + if 4km < x < (4k+2)m, otherwise —; k an integer]

=42 logtan(x : T[),

dx
/«/1 + cosx

[use + if (4k — 1)t < x < (4k + 1), otherwise —; k an integer]

=+2 logtan(E — E),

dx
/«/lfsinx 4 8

[use + if (8k + l)g <x< Bk+ 5);, otherwise —; k an integer]

dx X
—  — +/2 logtan(= + =),
/\/1+sinx g (4 8)

[use + if (8k — 1)% <x< (8k+3)g
, 1
(tan” ax)dx= —tanax — x
a

1 1
/(tan3 ax) dx = — tan’® ax + — logcos ax
2a a

tandax 1
/(tan4 ax)dx = w2 tanx + x
tan" ! ax

/ (tan" ax) dx = - / (tan" "2 ax) dx

a(n—1)

1
/(cot2 ax)dx = — 5cot ax —x
3 1 5 1 .
(cot’ax)dx = — —cot“ax — —logsin ax
2a a

1 1
/(cot4 ax) dx = ——cot® ax + —cotax + x
3a a

, otherwise —; k an integer]

1 .
+ ) logsin ax

1

n—1
f(cot” ax)dx = — L /(cot” 2 ax) dx
X cot ax
/ - dx:/x(csczax)dx:f reotax
sin” ax
/ dx = / x(csc"ax)dx = — o COS. a,\;l
sin” ax a(n — 1)sin"™ ax
(n—2) X
(n—1) J sin™

X

/

S——dx =
cos? ax

X sinax

T @2 — D)(n — 2)sin"™

dX

ZGX

dx

1 1
/x(sec ax)dx = PR tan ax + 5 log cos ax

1

/

dx = / x(sec"ax) dx =

a(n — 1) cos" ! ax

n—2/ X

n—1

cos" ax

+
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432.

433.

434.

435

436.

437.

438

439.

440

441.

442.

443.

444.

445.

446.

447.

448.

. f(sin ax)V'1 = 2 sin® axdx = — 0025 91— b2 sin® ax

INTEGRALS (Continued)

sin ax 1 . | bcosax

sin ax

——dx
V1 = b2sin’ ax
> 1+
/(sin ax)V'1 + b2 sin? ax dx = — COS:Y\/ 1+ b2 sin? ax — + sin™!

Ccos

Cos

————dx=——sin

V1 + b2sin’ ax ab V142
1 / -2

= —Elog(bcosax—s— 1 — b%sin” ax)

2

a
2

2ab

1
e S — log(bsinax + /1 + b2 sin? ax)
V1 +b2sin’ ax ab

: 1
ax — —sin~!(bsinax)

———dx
V1 = b2sin’ ax ab
. [(cosax)v'1 + b2 sin® axdx = Smjv 1+ b2 sin® ax
2a

log(bcosax +

2ab

1 — 52 sin” ax)

1
+—log(bsinax + v 1 + b2 sin® ax)
2ab

2a

/ dx £ nt (/= Lin (a> |b])
R = x|, a>
Ja+btan?ex  ca—b a

[use + if 2k — 1)% <x<Qk+ l)g, otherwise —; k an integer]

bcosax
1+ 52

in a 1
/(cos ax)V'1 — b2 sin® ax dx = SIAX /T~ b2 sin? ax + ﬁSinq (bsinax)

FORMS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

— — V1 —ax?
(sin™" ax)dx = xsin ax+f
T — 22

/‘(cos’l ax)dx = xcos™' ax — %

1
/(tan’l ax)dx = xtan"' ax — 2—10g(1 +d?x?)
a

1
/(cot_1 ax)dx = xcot ! ax +2—alog(1 +d*x?)

1
/(sec" ax)dx = xsec”! ax —Zlog(ax +Vaix? —1)

1
/(csc’1 ax)dx = xcsc™ ax +;10g(ax +Va2xr—1)

X X
/(sm l7)(17)::xsm 24 Va2 — 32,
a a

/(

X
cos  —
a

x
)dx:xcos 12 Va2 — x2,
a

A-47
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449.

450.

451.

452.

453.

454.

455.

456.

457.

458.

459.

460.

461.

462.

463.

464.

465.

/ (tan’l 2) dx =

INTEGRALS (Continued)

X a
xtan' Y — Llog(d® + )
a 2

/(cot"1 g) dx = xcot™ 174— log(a +x?)

/ x[sin™! (ax)] dx = é[(Zazxz — 1) sin™! (ax) + ax V1 — a®x?]

/ x[cos ™! (ax)] dx =
/ ¥[sin~! (ax)] dx = :+
/ X'"[cos™Hax)] dx = p + ;
/ x(tan~'ax) dx =
/ ¥(tan"ax) dx = >
/ x(cot ' ax)dx =

/x"(cot’lax) dx =2
n+

1
@[(ZuZ:c2 — 1) cos™! (ax) — axv1— a*x?]

n+1 \’”+1d\’
sin” (ax _ n+#—1
"ax) - n+1 T (n#-1)
o xn+ldx
cos™ (ax +— n#—1
(ax) T 0D
1 +a?x? tan—! ax X
2a% 2a
n+1 n+1
a X
tan"lax — —— [ ———d>
n+lan ax n+1/l+azx2 *

1+ a*x? 1 X
———5—cot™ ax + —
2a? AR

n+1 n+1
cot™ a’c+7
1 /1 + a2\c2

/sm’l (ax) (1 — V1= a2x2> sin”! (ax)
——5 —dx=alog -
X x X
cos~! (ax) dx . 1+ V1 —ax?
— 2 - ——cos™ " (ax)+alog—————
tan~! (ax) dx | a, 1+ ax?
[ = ! @) Slog T
/Cot’laxdx = lcot ax — 2o v
X2 7T x 2% a1
271 — a?x?
/(sirf1 ax)?dx = x(sin"! ax)® — 2x ++ sin~! ax
271 — a?x?
/(cos" ax)*dx = x(cos ! ax)? — 2x — Y1 "I o5l ax
a
T— 22
x(sin™! ax)" + %(sin_1 ax)""'100 — n(n — 1) /(sin_1 ax)"2dx
or
e | n [n/2]
sin” ax)'dx = oy
/( ) Z( 2 )'X(Sll’l X)n 2r
[(n=1)/2] V1 — 2x2
1 n—2r—1
+ Z (=" ﬁ(sm ax)
r=0
Note: [s] means greatest integer < s. Thus [3.5] means 3; [5]=35, [%]:O.
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466.

467.

468.

469.

470.

471.

472.

473.

474.

475.

476.

4717.

478.

479.

N=J

480.

=]

x(cos™

or

-1 n _ [n/2]
/(cos ax)'dx = Z(_l)

1
/vl—azxz

X”
/vl — a?x?

(sin™ ax) dx =

1
5(sin” ax)

+

INTEGRALS (Continued)

T— 22
Vax)y" — %(cos ax)" 1120 — n(n = 1) /(cos
n—2r
2 )' x(cos™! ax)
[(n=1)/2] V1 = 232
> =1y 71)'(003 axy—2-1
r=0

2

n—1 n

. X X
(sin"'ax)dx = —=—~/1 — &x2sin"' ax + >
na? n%a

n—1 ‘Cn—Z

na® J 1= ax?

sin™! axdx

1 1
/\/177W(cos’1 ax)dx = —%(cos’1 ax)?
X" o = X"_l 0 ) . X"
ﬁ(cos ax)dx = — e V1 —a?x? cos ax—Ta
+n -1 X cos™'axd
— | — ax dx
na> J J1—a2x2
tan™ ax 1 5
eI ] =5 — (tan~" ax)
L -1, 32
/ Spea 1 oy (cot™" ax)
2 ) 1
/xsec axdvc_Tsec ax—5 5 a’x?r —1
/x sec ! axdx = v sec™! ax—; X”id\
n+1 i n+1 a2x? —1
/ _ sec”!ax " Varx? —1
X x
x? 1 1
/xcsc axdx = 7csc’ ax+2—azx/a2x2 -1
/\c csc”axdx = v esclax + ! X
. _}’l-‘rl . n+1 Ja2x? —1
csc’laxd _esclax Valx? -1
X2 ST T X

FORMS INVOLVING TRIGONOMETRIC SUBSTITUTIONS

Z

1422

)

V/f(sin xX)dx =2 /f <117222)

/f(COSx)dx:z/‘f(l

@ (z:tan%)
lj-—zzz’ (z:tan%)

A-49
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INTEGRALS (Continued)

*481. /f(sin x)dx = /f(u)\/ld—i”—ui’ (u = sin x)

*482. /f(cosx)dx:f/f(u)\/ld%_lﬂ, (u = cosx)

*483. /f(sinx, cosx)dx = /.f(u, V11— u2)\/1d—i_uz, (u = sin x)

2z 1-22 b
484. ‘/f(sinx, cosx)dx:2‘/f<1 = 1+22> I f"z, (z:tan%)

LOGARITHMIC FORMS
485. /(log X)dx = xlogx — x

2 2
486. /x(logx) dx = %logx -

4
3 3
487. /xz(logx)dx:ilogfo
3 9
3 +1 xn+1
488. x"(log ax) dx = logax — —
/ (logax)dx = logax =C 7

489. / (log x)*dx = x(log x)* — 2xlog x + 2x

x(log x)" — n/(logx)”_ldx, (n#—1)
490. /(logx)”dx = or
0N (—logx)
(=1) n!x;T

491. / 029" j 1 (1og !
X n+1

(logx)* | (logx)’
2.2 " 3.3

dx
492. /logx = log(logx) + log x +

dx
493. _/xlog = log(log x)

494. f - _ ! -
x(log x) (n— D)(log x)"

m m+1 1 1\
495, X dxn __ X! 4 m+1 X" d,xil
(log x) (n— D(logx)" n—1J (logx)"
¥ (log x)' n m il
W*W/X (log0)™ dx
496. /xm(log x)'dx = or
n n! m+1 - (7 IOg x)r
( 1) m+1x ;r!(m_'_l)n—r
? cos(b1n x) d Sl bsin(b1 b1
497. /x cos(hInx)dx = —————-[bsin(bInx) + (p+ 1)cos(bInx)] + ¢
(b dy = S bsing (p+ cos(bIn )]

p+1

m [(p+ Dsin(bInx) — beos(bIn x)] 4 ¢

498. / x?sin(bInx)dx =

ax

499. /[log(ax + b)) dx = + blog(ax +b) —x
a

* The square roots appearing in these formulas may be plus or minus, depending on the
quadrant of x. Care must be used to give them the proper sign.
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500.

501

502.

503.

504.

INTEGRA

ax +
bx

710g(ax2 +b) dx = glogx

X

/

LS (Continued)

b log(ax + b)

m+1
. / X"[log(ax + b)) dx = b |:x”"+l — (— é) i| log(ax + b)
m+1 a

1
m+1

(-2

log(ax + b) dy — — 1 log(ax + b)

/

xm—1

(-5)

m—1

4 1
m—1

XM

m—1

X+

/ [log

m+1 m+1 1 ax\ "
25 (-%)
1 a\m-1. ax+b
m—1 <_ B) log X
m—2 r
1(— i) s (m>2)
—r ax

a] dx = (x + a)log(x + a) — (x — a)log(x — a)
xX—a

See note integral 392.

505.

506.

507

508.

509.

510.

511.

512.

N

513.

om+1 o m+l m+1 _ m+l1
/x’"[log;ti_a}dx:'\ mila) log(x—&—a)—%log(x—a)
2an1+1 [(m+1)/2] 1 o\ =202
m+1 m—2r+2(5)
1 X+a 1 x—a 1 X —d?
— 1 d,’:*l —*1
/xz[Og 7a:| *=3 gx+a PRI
Vdac — b? 2
<x+£)log)(—2x+ ac=b tan™! extb , (b* — dac < 0)
2c ¢ 4ac — b?
or
(log X)dx = 24 2¢;
/ <x+£) logX—Zx-i-utanh"L_._b, (b — 4ac > 0)
2¢ . Vb2 —dac
where
X =a+bx+cx?
B n+1 2¢ xn+2 b xn+1
xX"(logX)dx = log X — -
/Y(Og Y= yloe n+1_/X n+1_/X

where X = a + bx + ¢x?

/ llog(x* + @) dx = xlog(x’ +a*) — 2x

/ llog(x* — a*)] dx = xlog(x* — @) — 2x

x
+2qtan' =
a

X+

+ alog

X —da

f x[log(x* £ a)]dx = }(x* £ @) log(x? £ a*) — 1x?

[[log(x-i-vx2 + a?)]dx = xlog(x + vVx2 £ @) — Vx? £ &2

2

/x [log(x + vx2 £ a?)]dx = (;

&2
+— )1
4)

xm+1
/x’"[log(x +Vxt+a?)dx = mlog(x +Vxt+a?) -

og(x +vVx2 £ a? _xivx::l:az

1 xm+1

— | ——d
m+1J) /2 +a2 X
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INTEGRALS (Continued)

log(x + v/x% + a?) log(x++v/x2+a?) 1, a+v/x2+a®
S14. | —————dx=— ——log
X X a X
Vv Vgv
515. /‘710g(x+ ‘sz a )dx _loglxt V' — @) . —a ) msec 2

1
516. /x” log(x> — a®)dx = Pt |: 1 og(x? — a®) — " log(x — a)

" [n/2] 2l e 2r+1
71 1 2 -
— (@)™ loglx +a) = ZI1—2V’+1

See note integral 392.

EXPONENTIAL FORMS

517. /e’“dx =e*
518. /e"‘dx =—e"
519. / ey =S

a

520. /xe”x dx =55 (ax— 1)
a

x"e™  m 1 ax
I xm 1 ™ dx
a a

521. /x”ze“"dx = or

m =1

mlx
Z(— =i

=0

ax 2/2 3 '3
522. [e * =logx+ '+av +u+

x 2.2 3.3!
eax 1 ellX a elIX
23. | —dx=————+— | —d
523 xmd’L }’I‘I71xm*]+}’I171/Xm*ldx
(L)Cl 3 1 ax
524. /e“"logxa’x:e Ong—/e dx
a al >
dx ’ e’
25. =x—log(l+¢*) =log——
525 [1—1—@‘ x —log(l +¢%) og1+ex
dx x 1
526. ==——1 be’*
/ a+berx a ap ogla+ )
dx 1 if mx fa
527. /ae”’-“ e = mmtan (e””\/%), (a>0,b>0)
1 ﬁelnr _ \/B
I Zm\/“ \/Ze"” ++b
528. [m = or
a
tanh <\/:e””>, (a>0,b>0)
m~/ab b
a,\’ +a—/\

529. /(a" —a V)dx =

loga

eax 1
,,ax
530. /mdx = alog(b + ce™)

o

531. dx =
(A + ax)’ * a*(1 + ax)
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INTEGRALS (Continued)

532. / xe  dy = —%e’xz

e [asin(bx) — b cos(bx)]
a + b?

533. / e [sin(bx)] dx =

e™[(b — ¢)sin(b — ¢)x + acos(b — ¢)x]
2a® + (b — )]
e[(b + ¢)sin(b + ¢)x + acos(b + ¢)x]
- 2@ + (b + 0]

534. / e [sin(bx)][sin(cx)] dx =

elasin(b — ¢)x — (b — ¢)cos(b — ¢)x]
2 + (b — )]

e“lasin(b + ¢)x — (b + ¢) cos(b + ¢)x]
2 + (b + )]

or

538 / e sin(b0)lcos(cx)] dx = % [(asinbx — bcos bx)cos(cx — a)]

—c(sin bx) sin(cx — )]

where

p= \/(az + b2 — ) + da’c?,

pcosa =a*>+b> —c*, psina =2ac

e cosce  e™[acos(2bx +¢) +2b sin(2bx + ¢)]
2a 2(a* + 4b%)

536. / e [sin(bx)][sin(bx + ¢)] dx =

axr ' _ —e™sinc | e™asin(2bx + ¢) — 2bcos(2bx + ¢)]
537. / e“*[sin(bx)][cos(bx + ¢)] dx = % + 3@ 1 a0

538. / e [cos(bx)] dx = ﬁ [acos(bx) + b sin(bx)]
e™[(b — ¢)sin(b — ¢)x + acos(b — ¢)x]
20a® + (b - ¢)]
e [(b + ¢)sin(b + ¢)x + acos(b + ¢)x]
2a® + (b + o))

539. / e“*[cos(bx)][cos(cx)] dx =

e**cosc n e“*lacos(2bx + ¢) + 2bsin(2bx + ¢)]
2a 2(a? + 4b%)

540. / e“[cos(bx)][cos(bx + ¢)] dx =

e™sinc n e™asin(2bx + ¢) — 2bcos(2bx + ¢)]
2a 2(a* +4b%)

541. / e**[cos(bx)][sin(bx + ¢)] dx =

542. / e [sin" bx]dx = [(a sin bx — nb cos bx)e™ sin" ! bx

a? + n?h?

+ n(n — DHp? / e [sin" % bx] dx]

543. / e**[cos" bx]dx = |:(a cos bx 4 nb sin bx)e™ cos™ ! bx

a2 + n2b?

+ n(n— 1)p? / e [cos" 2 bx] dxi|
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INTEGRALS (Continued)

1
544. [\c’” v sin x dx = Ex”’e‘*(sin X — COS X)

m
_5/“("1 le¥sinxdx + 2/>c”’ le¥ cos x dx

asinbx — b cos bx
a* + b2

X"

a2+b2/ "1 e® (asin bx — b cos bx) dx

or
545. / X" e [sinbx] dx =

| m—r
§ ( _ +11) ey Sl = (4 )
r=0 I (

where

o=+a*+b2, pcosa=a, psina=>~h

1 .
546. [x’”e‘ cosxdx = zx’”e"(smx + cos x)

—T/x’”"e‘ sinxdx—T/x’”"e* cos x dx

2 2
 @cos bx + bsinbx

xlnea‘( az +b2

m
@ + b?

547. /‘c"’e"‘ cosbx dx = or

/x’”’l e*(acos bx + bsin bx) dx

V=
§ (=1l s costbx = 7+ 1l
r

1+l(m

p=+/a>+ b2, pcosa=a, psina=>h
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INTEGRALS (Continued)

e cos” ! x sin” x[acos x + (m + n) sin x]
(m+n)* +a?

na
- (m+n)* + a2
(m—1)(m+n)
(m+n) +a

or

/ e (cos" ! x)(sin"! x) dx

e (cos™ 2 x)(sin" x) dx

€% cos™ x [sin" ! x[asin x — (m + n) cos x]
(m+n)* +a

ma

e
(m+n)” + a2
(n—1)(m+n)
(m+n)+a

/ e (cos™ ! x)(sin"~! x) dx

e (cos™ x)(sin" 2 x) dx

548. / e (cos™ x)(sin" x) dx = or
e™(cos™ ! x)(sin"~" x)(asin x cos x + msin® x — ncos? x)
(m+n)*+a?
—1 . .
% e (cos™ 2 x)(sin" x) dx
m-+n a
—1 . .
% / ™ (cos” x)(sin" 2 x) dx
m-+n a
or

2

e (cos” ! x)(sin"~! x)(a cos x sin x + m sin x — ncos? x)

(m + n)* + &

m(m —1)
(m+n) +a

% / ™ (cos™ x)(sin" " x) dx

€ (cos" 2 x)(sin" 2 x) dx

549, / xe™(sin bx) dx = % (asinbx — bcos bx) — (aziib)z [(&® — b?)sin bx — 2ab cos bx]
550. f xe®(cos bx) dx = %(a coshx — bsinbx) — (0217'}72)2[(012 — b?)cos bx — 2absin bx]
ax ax : _ 2 _ 92 ax
551, /‘ .e” x:_e [asinx + (n .2)5?3)(] a +(n-—2) .e_z dc
sin” x n—Dm—-2)sin"'x  (m—1Dn-=2)) sin"*x
552 / e _e“"[acosx—(n—2)sinx] @+ (n—2)> e )
" Jceostx T (m=Dm—=2cos"'x  (n—1)(n—-2)J cos"2x

tan""! x
n—1 n—1

553. f e tan” x dx = e / e™ tan" x dx — / ™ tan" 2 x dx

HYPERBOLIC FORMS
554. / (sinh x) dx = cosh x

55S. f (cosh x) dx = sinh x
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INTEGRALS (Continued)

556. /(tanh x)dx = logcosh x

557. /(coth x) dx = logsinh x

558. f(sech x) dx = tan”!(sinh x)

559. / (csch x) dx = logtanh (;)

560. /x(sinhx) dx = xcosh x — sinh x

561. /x”(sinh x)dx = x"coshx —n /x”’] (cosh x) dx
562. /x(cosh X)dx = xsinh x — cosh x

563. /x”(cosh X)dx = x"sinhx —n /x”_l(sinh x) dx
564. / (sech x)(tanh x) dx = —sech x

565. / (csch x)(coth x) dx = —csch x

inh 2 X
566. / (sinh? x) dx = 22 . ad —%
s (sinh™*! x)(cosh" ! x)
pnzt / (sinh™ x)(cosh" 2 x) d
m+n x Vax
567. / (sinh™ x)(cosh” x) dx = or
sinh” ™! xcosh™! x
m+n
m—1 . 1m=2 n
— (sinh” ™~ x)(cosh” x)dx, (m+n #0)
m+n
_ 1
(m — n)(sinh™ ! x)(cosh"! x)
m+n— 2/ x
— , m#1
m—1 (sinh™~2 x)(cosh” x) (m # 1)
568 / L or
*J (sinh™ x)(cosh” x) |
(n = Dsinh™ ! xcosh™! x
m+n—2 dx
/ W} n—2 2 (n # 1)
n—1 (sinh™ x)(cosh”~* x)

569. f (tanh® x) dx = x — tanh x

tanh™™"!
n—1

570. /(tanh” X)dx = — Ty /(tanh”’2 xX)dx, (n#1)

571. / (sech®x) dx = tanh x

sinh2x x

4+2

572. / (cosh? x) dx =
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573.

574.

575.

576.

5717.

578.

579.

580.

581

582.

583.

584.

58s.

586.

587.

588.

589.

590.

591.

592.

593.

594.

/

/
/
/
/
/
/
/>

-
/

/>
/

/
/

/>
/
/>

[
/

/
/
/

INTEGRALS (Continued)

(coth? x)dx = x — coth x

coth” ! x

(coth” x) dx = — 3

(csch’x) dx = —ctnh x

sinh(m + n)x  sinh(m — n)x

+ /.coth”dxdx, n#£1)

. e . _ 2 2
(sinh mx)(sinh nx) dx = 2T = (m~ #n”)
sinh(m + n)x  sinh(m — n)x ) 5
h 7. h X =
(cosh mx)(cosh nx) dx 2T ) = (m~ #n”)
. cosh(m +n)x  cosh(m — n)x 5 5
h m; hnx) dx =
(sinh mx)(cosh nx) dx 2ot m—m) (m~ # n°)
(smh 1a>dvc_‘csmh la V2 +a?, (a>0)
2 0
(smh I )dvc_ <%+%> sinh’l%;—%\/x2 + a2, (a > 0)
) o xn+l n+1
X" (sinh x)dx:<n+1)51nh X_n+1 mdx, (n#-1)
xcosh™ X x2 — a2, (cosh_1 2 > 0)
(cosh*l E) dx = or
a

xcosh™ §+ x2 — a2, (cosh’] Ez < 0), (a > 0)
a

22 _ 2
(coshI )d = 2 ) a cosh’lffg(xzfaz)%
a

n+1 ”Jr]
X'(cosh™ x)dx = Y cosh™!x— / 73 -
n+1 n+1J x2-1nY

(n#—1)

(tanh I >dv— xtanh™! 7+ log(a —x%), ()5) < 1)

(coth la)d\c—xcoth 174— log(\ —d%), (E‘ > 1)

(n#—1)

22
1 T
(tanh a)dvc_ 3 tanh + 5 ()a’ < 1)
B xn+l B 1 xn+]
X'(tanh ‘x)arx:n+1 tanh ]xfm 17X2dx,
&
17 1_ @ X
<coth )dvc coth™ —+ 7 (g > 1)
n+1 ) 1 xn+1
"(coth™ h™ x+—— [ 5——d> -1
x’cot x 1cot ‘c+n+1/x2_1d‘c, (n#-1)

(sech™'x)dx = xsech™'x +sin~! x

2
o 1
xsech™'xdx = %sech_lx - z«/ 1 —x2

Xl
b ol 1
n+1sec x+ /(1 2)1/7

csch™!xdx = xcsch™!x + — smh

X'sech™' xdx =
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59s.

596.

597.

598.

599.

600.

601.

602.

603.

604.

605.

606.

607.

608.

609,

610.

611.

612.

613.

614.

INTEGRALS (Continued)

2
> 1A
/xcsch’]xu’x = %csch’lx—kfix/ 1+ x?

2 |x|

R 1 xn+l o 1 X X"
x'csch™ xdx = csch™ x + — | ———dx, (n#-1)
n+1 n+1lxl) (x2+1)

DEFINITE INTEGRALS

1\"
S Loy e <1+n7)
'/n—l = 5 :f log— dx == N "M/

‘/0 X e X A ng X l’ll_[

m=1 1 + 1
m
=T'(n), n#0, -1, -2, -3, ... (Gamma Function)

0 n!
rpldt=————-, (n=0,1,2,3,...andp > 0)
fo (log p)™*!

00
r
/0 e @iy = @ _,’(_nl))n, (n>0,a>-1)

! 1" I(n+1
/ x’”(10g7> dx:L)l, (m>—1, n>—1)
0 X (m+ 1"

I'(n) is finite if n > 0, T'(n+ 1) = nl'(n)

C(n)-T(l —n) =

sin nm

I(n) = (n— 1)!if n = integer > 0
rg) = 2/ e dt = /m = 1.7724538509 - - - = (=
0

3-5..2n—1
LIEREEC by S

F(n+%)=l. 3
B (_l)nznﬁ
Pt ) =135 an D)

L _ oyl T(m)'(n)
11 _ 1 _ — —
/0 X1 = x) dx_/o (Hx)mdx_r( +n)_B(m, 1)

(Beta function)

n=123,...

_ T(mI(n)

B(m, n) = B(n, m) = F(T'i‘")’

where m and n are any positive real numbers.

winst T+ 1) - T(n + 1)

Tmtntd m>—-1,n>-1, b>a)

b
X / (x—a)"(b—x)"dx = (b—a)
[ﬂ:—l , [m>1]
X" o m—1
© dx
'/0 mfncscpn, [p<1]

© dx
A m:—ncotpn, [p<1]

/"”x’"ldx_ m
o (1+x)  sinpn
=B(p,1 —p)=T(pI'd - p), 0<p<I]

o0 m—1
/ X dx - " [0 <m<n]
0

n . mm>
I+x nsin—
n
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DEFINITE INTEGRALS (Continued)

a+1 a+1
/-m Yadx _ m(a+lfbc)/b F<T>F(Li b >
0

(m+xb)° b I'(c)

615.

9]

(a>—1,b>0,m>0,c>%)

e dx
616. —_ =
/0 IESSNA

> adx b . . T .
617. /0 21272 if a>0;0, 1fa_0,—§,1fa<0

“ 1 1-3-5...n b
18. 2—?”/2,:7/ 22y = 22 T
618 -/O(a x)"“dx 2 _a(a XY= dx 746 .t 1) 2 d (nodd)

1 mn+1 m+1 n+2
- B(——
2 2 "2

or

a
619. / X"(d® = X dx = m+1\_(n+2
o ("))
lamﬁ—n#—l 2 2

m+n+3
f("5)

/2
/ (cos” x) dx
0

or

1.3.5-7...n—Dn

2.4.6-8...(n) 2’
/2 or

620./0 (sin" x) dx = 2.4.6-8...(n—1)

1-3-.5-7...(n) °

(n an even integer, n # 0)

(n an odd integer, n # 1)

n>-1)

o -
621. / M:E, if m>0; 0, if m=0; —E,ifm<0
0 X 2 2

622 / cos x dx >
0 X

00 ¢,
623. / tdnxdng
0 X 2

624. / sinax - sinbx dx = f cosax -coshxdx =0, (a # b; a, bintegers)
0 0

T/a T
625. / [sin(ax)][cos(ax)] dx = / [sin(ax)][cos(ax)]dx =0
0 0

U
2
626. / [sin(ax)][cos(bx)] dx = Lﬂiabz’ if a—bis odd,or 0if a — b is even
o —
o -
627. / w:o, ifm<—lorm>1; g,ifm::tl;g,ifm2<l
o x
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628.

629.

630.

631.

632.

633.

634.

635.

636.

637.

638.

639.

640.

641.

642.

643.

644.

645.

646.

647.

648.

649.

DEFINITE INTEGRALS (Continued)

Ta

sin ax sin bx
—_— dx = —,
X 2

r

(a<b)

U U T
/ sin’ mx dx = f cos® mxdx ==
0 0 2

00 i 1a2
/ sin (sz) Ay — np
0 X 2
“sinx T
xr 7 2I(p)sin(pmn/2)’
©cosx m
XP ©2I(p)cos(pm/2)’
00
1 - >
cgs pxX TP
X

°° sin px cos gx

J
J
J
J
[z
J
J
I
J

T _
- 5 e |mal
X“+a

= 2al

cos(x?) dx = / sin(x?) dx =
0

0<p<l1

0<p<l1

dx={0,q>p>0; g,p>q>0; %,p=q>0}

s
2

2
. N — 1 1 . T |
sin ax’ x_m (/n)smﬂ, n>
cosax"dx = Py F(l/n)cos P n>1
°° sin x cos X b
dx = de— [T
Vo f NE 2
00 (i1a3 o 00 31y
(a)/ MY =T (b)/ S Y 3 og3
0 4 0 4
00 i3
/ sm3de:3j
0 X 8
% sin* x T
dx ==
/(; & =3
T2y cos~'a
= , (a<1)
o l4acosx J/1-—42
U
/ BN (a=bhz0)
o a+bcosx @2 — b2
27
dx 2n 5
= 1
/0 l4+acosx J1—a2 @<
/' cosax—cosb\cd logé
/ _n
@ sin® x + b2 cos? x >c—i—b2cos2 " 2ab
n(az+h2)
, (a,b>0
/ (a? sin x+b2 cos? x)2 4a3D3 ( )
1_m m e
/ ! x cos™ \dx_§B<§,§), m and n positive integers
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650.

651.

652.

653.

654.

655.

656.

657.

658.

659.

660.

661.

662.

663.

664.

DEFINITE INTEGRALS (Continued)

/2 2.4.6...(2
/ (sin”*! 6)db = - (2n) (n=123,.)
0

3.5...@n+ly

/2 1-3-5...2n=1)/m
. 2n _ hd —
/0 (sin 0)(10_—2.4.”(2”) <2), n=1,23,..)

Y2 x 11 1 1
ELI NP SIS
/0 sinx {12 EER A T }

/2 dx n
/0 1+ tan” x 7

/2
Vcoshdb = (2111) 5
0 NG|
/2
/ (tan" 0) d6 = O<h<1)
0

T
hr\’

2 -
cos<2>

00 -1 _ -1
f tan™" (ax) — tan™" (bx) dy — Elogg, (@.b > 0)
0

X 2 °°h

The area enclosed by a curve defined through the equation Xt + y? = 4t where
a > 0, ¢ a positive odd integer and b a positive even integer is given by

()

1= //f x=1ym=121=1 gy where R denotes the region of space bounded by the
R

. . X\ 7 N Nk .
co-ordinate planes and that portion of the surface <I> +<%) +<—) =1, which
a c
lies in the first octant and where &, m, n, p, q, k, a, b, ¢, denote positive real

numbers is given by

h m n
a pli-Grar'e O K r\—)r(—|r(-
e ) a”b”’c" q k
/ X" dx/ ymdy/ 2 dz = i e
q
0 0 0 rq F(; Ly 1)
q k

o0 1
/ e ®dx=-, (a>0)
0 a

o0 ,—ax __ ,—bx b
/ €T x=log2, (ab>0)
0 a

X
T+ 1)
- PrISE (n>—1, a>0)
/ xX"e ™ dx={ or
‘ n! .
g (a > 0, n positive integer)
00
/X”eXP(—aX")dx:LI?, (n>—1,p>0,a>o,k:”+1>
0 pa p
e 1 1 1
*UZ.\’Z
dx = — =—TI|= 0
[ i i= () @0

o0 2
/ xe Y dx = %
0
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665.

666.

667.

668.

669.

670.

671.

672.

673.

674.

675.

676.

677.

678.

679.

680.

681.

682.

683.

684.

685.

686.

DEFINITE INTEGRALS (Continued)

_1.3.5...2n—=1) [rn
2/1+1an E

J
[
/ e L (a>0)
[

2n —ar dx =

2an+1’
m_y
mp=ax _ m! —a a
dx l—e —
am+l 7!
P

00 —2a
/ ) g = zﬁ, (a=0)
0

/ _"‘J_dx—— d

n
00 *)l‘(
/ —dx= |-

a
/0 e~ (cosmx)dx = Zim (a>0)

/ e~ (sinmx) dx = # R (a>0)
0 a

+m
h —UX[ a1 2ab
/0 xe”“[sin(bx)] dx = m, (a>0)
00 o aZ _ b2
/0 xe~ “[cos(bx)] dx = m R (a > 0)

n![(a + l-b))z+l (a lb)n+1
2i(a® + b2+

/ ~ x"e” ™ [sin(bx)] dx =

_ nlf(a— byt + (a + ib)"]

x"e”[cos(bx)] dx 2Aa + b2y

e sinx X
=cot ' a, (a > 0)

2 N b

—teosé b=l 1sin(s sin ¢)] dr — [[(b)] sin(bg), (b >0,

=

2

o<

e eos(rsin )l di — [M(B)]cosbg). (6> 0. =5 < ¢ <)

I
I
[ "”‘cosbxdv_zexp< ) @0
I
I
I

~!cos t dt = [T'(b)] cos <h7n>’ O<b<l)
/ ~ #=Y(sin 1) dt = [T(D)] sin(%”), O<b<l
0

1
/ (log x)'dx = (=1)" - n!
0
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687.

688.

689.

690.

691.

692.

693.

694.

695

696

697.

698.

699.

700.

=

701

702.

703.

704.

70S.

706.

707.

0

DEFINITE INTEGRALS (Continued)

1
/ x"(logx)" dx =
0

1 1 n
/ <log7> dx =n!
0 X

1
/ xlog(l — x) dx = —%
0

1
/ xlog(l +x) dx =1}

(=1"n!
(Wl + l)n+l ’

m>—-1,n=0,1,2,...

If n#£0,1,2,...replace n! by I'(n + 1).

/llogx
o 1 —x

1
flogx dy —
o 1+x

dx =

1 .
/' log(1 + ’\)dx _
0

X

X

,‘.[2

12

2
12

1 —
/ log(1 x)dx:—n—
0

2
6

1 2
. / (logx)[log(1 + x)]dx =2 —2log2 — %
0

1 2
. / (logx)[log(l — x)]dx =2 ——
0 6

1
1

lo
[ el

J
At

/1 log x
o 1—x2

+Xx
—X

[ele)

/1 X —xN)dx
" Jo log x
U dx

log (l>
X
1) dx =

e

er —1

dx =

“| &

]” o Fn+1)
: _(m+1)n+l’

ifm+1>0,n+1>0

]
_1og<’i>, (p+1>0, g+1>0)

q+1

1'[2
4

= /m, (same as integral 686)

/2 /2 I
/ (logsin x) dx :/ logcos xdx = —Elog2
0 0
/2 /2 T
/ (logsec x)dx = / logcescxdx = ElogZ
0 0
T nZ
/ x(logsinx) dx = —710g2
0

/2
/ (sin x)(logsin x) dx = log2 — 1
0
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DEFINITE INTEGRALS (Continued)
/2
708. / (logtanx)dx =0
0

a+a>—b?

709. / log(a + bcosx)dx = nlog(z), (a >b)
0

2rnloga, a>b>0

T > L2 —
710. /Olog(a 2le"?(’sv‘“Ll’)fb‘_{271;1ogb, b>a>0

°° sinax n an
711. dx = —tanh —
/0 sinhox T 25 M

*° cosax b1 arn
12. = —sech—
7 /0 cosh bx dx 26> 2

00
713. / dx__ T
o coshax 2a

° xdx n?
714. =—
/0 sinhax 442

715. / e “(coshbx)dx =
0

1
Py O=1bl <a)

O =<1pl <a)

716. /0 e ““(sinh bx) dx = 2o

°° sinh ax n art 1
717. dx = —cse o — —
/0 1T T2

718. dx = — — —cot

e — 1 2¢ 26 b

/2 d 1\? 1-3\? 1-3.5\?
719./ S S 1+(7> k2+<—> k4+< )k"+-~-, if k2 <1
o IRty 2 2 2.4 2.4.6

/2 2 a\2 4 2. &\216
720. / vl—kzsinzxdx:ﬁ[l—<%) kz—(l 3) k——(l 3 5>k——---i|, if k2 <1
0

/ °° sinh ax 1 m amn
0

2 2.4) 3 \2.4.6) 5
o0
721. / e Vlogxdx = —y =-0.5772157...
0
o0
722. / e logxdx = —?(y + 2log?2)
0

e 1 1 .
723. / (17 — 7> e dx=y=0.5772157... [Euler’s Constant]
0

—e X

1 1 -
724. - —e ™ )dx =y =0.5772157....
o x\1+x

For n even:

1 "& mysinn—2kx 1/ n
725, "y = mysintn = 20x 1o
/COS YT L () 2 T (n/2>x
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DEFINITE INTEGRALS (Continued)

726, /sin"xdx:21 "il<”)m[(n_2k)(r2t_x)]+l< " )Y

n—1 k

2 2k —n 2"\ n/2
For n odd:
(n—1)/2 H
) ~ n\ sin(n — 2k)x
727. /cos xdxfzﬁ g (k) n—2k

728. /sin"xdx :L("i):/z <n ) M

—1
? k=0 k 2k —n
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DIFFERENTIAL EQUATIONS
SPECIAL FORMULAS

Certain types of differential equations occur sufficiently often to justify the use of formulas for the corresponding
particular solutions. The following set of tables I to XIV covers all first, second, and nth order ordinary linear
differential equations with constant coefficients for which the right members are of the form P(x)e™ sinsx or
P(x)e™ cossx, where r and s are constants and P(x), is a polynomial of degree 7.

When the right member of a reducible linear partial differential equation with constant coefficients is not zero,
particular solutions for certain types of right members are contained in tables XV to XXI. In these tables both F and
P are used to denote polynomials, and it is assumed that no denominator is zero. In any formula the roles of x and y
may be reversed throughout, changing a formula in which x dominates to one in which y dominates. Tables XIX,

!

(m —n)!n!

XX, XXI are applicable whether the equations are reducible or not. The symbol (%) stands for and is the

n+1 st coefficient in the expansion of (a+b)”. Also 0! =1 by definition.
The tables as herewith given are those contained in the text Differential Equations by Ginn and Company (1955)
and are published with their kind permission and that of the author, Professor Frederick H. Steen.

Solution of Linear Differential Equations with Constant Coefficients
Any linear differential equation with constant coefficients may be written in the form

p(D)y = R(x)
where D is the differential operation
dy
Dy =12
Y dx

p(D) is a polynomial in D,
v is the dependent variable,
x is the independent variable,
R(x) is an arbitrary function of x.
A power of D represents repeated differentiation, that is

d"y
dx"

For such an equation, the general solution may be written in the form

D”y =

y=Yetyp

where y, is any particular solution, and y. is called the complementary function. This complementary function is
defined as the general solution of the homogeneous equation, which is the original differential equation with the right
side replaced by zero, i.e.

p(D)y =0
The complementary function y. may be determined as follows:

1. Factor the polynomial p(D) into real and complex linear factors, just as if D were a variable instead of an operator.

2. For each nonrepeated linear factor of the form (D — a), where « is real, write down a term of the form
Ce(l.\'

where ¢ is an arbitrary constant.
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3. For each repeated real linear factor of the form (D — a)”, write down n terms of the form
cr1e™ + cryxe™ + e3xe™ 4 - 4 Xl

where the ¢;’s are arbitrary constants.
4. For each non-repeated conjugate complex pair of factors of the form (D — a+ ib)(D — a — ib), write down 2 terms
of the form

c1e™* cos bx + cre™ sin bx

5. For each repeated conjugate complex pair of factors of the form (D — a+ ib)"(D — a — ib)", write down 2n terms
of the form

c1e™ cosbx + cre™ sin bx + c3xe®™ cos bx + c4xe™ sin bx

+ o o X e cos bx + oy e™ sin bx

6. The sum of all the terms thus written down is the complementary function y,.

To find the particular solution y,, use the following tables, as shown in the examples. For cases not shown in the
tables, there are various methods of finding y,. The most general method is called variation of parameters. The
following example illustrates the method:

Find y, for (D> —4) y=¢".

This example can be solved most easily by use of equation 63 in the tables following. However it is given here as an
example of the method of variation of parameters.

The complementary function is

Ve = 165 + e

To find y,, replace the constants in the complementary function with unknown functions,

9 oy
yp — ue-x +ve 2x

We now prepare to substitute this assumed solution into the original equation. We begin by taking all the
necessary derivatives:

Vp = ue™ +ve ™

) oy
Vv, = 2ue™ + 2ve™ > + /e — Ve

For each derivative of y, except the highest, we set the sum of all the terms containing #' and V' to 0. Thus the above
equation becomes

/ 2x / —2x

We™ +ve *

_ J o 2x -2,
=0 and y,=2ue 2ve
Continuing to differentiate, we have

V= 4ue™ + dve™> 4 /> — 2y e

When we substitute into the original equation, all the terms not containing ' or v’ cancel out. This is a consequence
of the method by which y, was set up.

Thus all that is necessary is to write down the terms containing #' or v' in the highest order derivative of y,,
multiply by the constant coefficient of the highest power of D in p(D), and set it equal to R(x). Together with the
previous terms in ' and v which were set equal to 0, this gives us as many linear equations in the first derivatives of
the unknown functions as there are unknown functions. The first derivatives may then be solved for by algebra, and
the unknown functions found by integration. In the present example, this becomes

We™ +ve ™ =0

2x 2\/672" =

2u'e
We eliminate v and ' separately, getting
4y ¥ = e*
4y e = —¥

Thus

Therefore, by integrating

A constant of integration is not needed, since we need only one particular solution. Thus

2 —2x —x 2x -2
Vp= ue* 4 ve 2x _ —%L’ .xel\ _ 1%63"(6 2x

__lx_1,x __ _1,x
=71 T =3¢

A-66



and the general solution is

Y=Yty =ae + e =t

The following samples illustrate the use of the tables.
Example 1. Solve (D* —4)y =sin 3x.
Substitution of ¢=—4, s=3 in formula 24 gives

_sin3x
=9y
wherefore the general solution is
sin 3
y= Clel\' + 626—2,\' _ 1T3x

Example 2. Obtain a particular solution of (D? — 4D + 5)y = x%¢>* sin x.
Applying formula 40 witha=2,b=1,r=3,5=1, P(x)=x* s+ b=2,5—b=0,a—r=—1,(a—r)*+ (s + b)* =5,
(a—r)*+(s—b)*=1, we have

Ssinx[(2 0\ , [2(=D2 2(=1)0 3.1.2-2% 3.1.0-0
=T [(5‘?)'*+( 251 )2'”( 125 1 )2]

eosx[ (=1 1\, (1—-4 1-0 —1-3(=1)4 —1-3(=1)0
) [(?‘T)"*(T‘f)h*( s )2]

= (lxz - ix - %)ek sin x + <— g362 + §x - ﬁ)e‘}xcosx

5 25 5 25° 125

The special formulas effect a very considerable saving of time in problems of this type.
2 2x

Example 3. Obtain a particular solution of (D? —4D + 5)y = x*** cos x. (Compare with Example 2.)
Formula 40 is not applicable here since for this equation r=a, s=b, wherefore the denominator
(a—r)*+(s—b)*=0. We turn instead to formula 44. Substituting a=2, h=1, P(x)=x" and replacing sin by cos,

cos by —sin, we obtain
e¥cosx ( , 2\  eFsinx , 1
=7 <x —Z>+ 3 /(x —§>dx

—(* 1 e cosx + xi ) e sin x
“\4 8 6 4
which is the required solution.

Example 4. Find z, for (D — 3D,)z = In(y + 3x).
Referring to Table XV we note that formula 69 (not 68) is applicable. This gives
z, = xIn(y + 3x)
It is easily seen that —y/3 In(y + 3x) would serve equally well.
Example 5. Solve (D, + 2D, — 4)z = ycos(y — 2x).
Since R in formula 76 contains a polynomial in x, not y, we rewrite the given equation in the form

(D, +3 Dy —2)z =} yeos (y — 2x)

Then
ze=e"F(x —2y) = ¥f(2x — y)

and by the formula
1 y 3
zp = —Ecos(} —2x) - <§+§>

= —%(Zy—i- 1)cos (y — 2x)

Example 6. Find z, for (D, +4D,) z = (2x — y)*.
Using formula 79, we obtain

[P dd w __(2xfy)5
R+4-DF 5-4-3-(-8) 480
Example 7. Find z,, for (D3 + 5D2Dy — 7D, + 4)z = >+,

By formula 87

4

P

€2x+ 3y (,2,\‘+ 3y

TP ys 2 3-7.2+4 S8

Example 8. Find z, for
(D} +6D}Dy + DDy + D; +9)z = sin (3x + 4y)
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Since every term in the left member is of even degree in the two operators D, and D,, formula 90 is applicable. It gives

11.

12.

13.

14.

15.
16.

17.

18.
e

20. ¢

21.

22.

. sin sx*

. P(x)

€™ sin sx*

. P(x) ™

. P(x) sin sx*

. P(x)e"™ sin sx*

ax

. e

™ sin sx*

. P(x)e™

P(x)e™ sin sx

X

sin sx*

P(x)

€™ sin sx*
P(x)e"™

P(x) sin sx*

P(x)e’™ sin sx*

ax
¥ sin sx*
P(x)e™

P(x)e™ sin sx*

. sin(3x + 4y)
7T (=92 + 6(=9)(—12) + (=12) + (—16) + 9
_sin(3x +4y)
10

TABLE I: (D—a)y=R

Yp
P

r—a

asinsx + scossx
- @+ Vi +s
L |:P(x) + P + P/(zx) +--+ &:x)

a a a a
Replace a by a—r in formula 2 and multiply by ™.
Replace a by a—r in formula 3 and multiply by ¢™.

. s
sin (sx + tan —)
a

. a PF-5 & —3as® , d - (é)akdsz + (5)(%7%4 )
B smsx|:a2 T T+ @+ re @+ Pt (@ + s rot
kY k-1 k\ k=33
s 2as , 3ds—s (‘)” S= (3)” St k—1)
It P P(A)+(az+sz)2P(X)+( 2 +s52) PO+ (a® +s»)F P+
Replace a by a —r in formula 6 and multiply by ™.
xeux
™ cos sx
s
e /P(x) dx
esinsx [P (x) P"(x)  P'(x) e™ cos sx P'(x) PY(x)
[ i el S _"':|_— P(X) ===+ —g— -
N N s s §
*For cos sx in R replace “'sin” by “cos” and “cos” by “—sin” in y,,.
da" m!
D=— (M=——— 0'=1
dx" (” ) (m — n)!n!
TABLE II: (D —a)’y=R
Yp
el’.\'
(r— a)2
1 LN [ 1 2as
m[{a —s57)sin sx + 2ascos sx] = R sin (sx + tan Z_3

1 2P 3P 1P (s
—,|:P(x)+ @ P, et D)

a” a a” a

Replace a by a—r in formula 13 and multiply by e"“
Replace a by a—rin formuld 14 and mu]tlply by e

N

s & 3 — 6a%5” + 5
5 24 P P
sin sx e P(x) + @+ (x) + @ 1) x)+--
& (V252 4 (BN
+ (k=1 ( ) @ +S(_)2 P+
2as 3d’s 4’ s — 4as’
G5 P(x)+2 F z P+
+ €08 5X |:(a2 s (x) + @15 (x) + Ty (x)+
kY k-1 kY k=33
1)a " s—\(3)a "5 +--- )
+ (k- ')( ) (a2(+)52)/c PE) + - ]
Replace a by a —r in formula 17 and multiply by ™.
I’CZL’”V
* sin sx
K
e / / P(x) dx dx
_Msinsx | () — 3P"(x) N SPV(x)  TPY(x) L ¥ cos sx [2P (x) 4P"(x) 6P'(x)
5 ! 5 54 s s s $ s
*For cos sx in R replace “‘sin” by “cos” by “—sin” in y,,.
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23.

24.

25.

27.

28.

29.

w
[=}

31

32.

33.

34.
35.

36.

37.
38.

eorx

sin sx*
P(x)
€™ sin sx

P(x)e™

P(x) sin sx*

sin hx*

. P(x)sin bx*

orx

sin sx*

P(x)

€™ sin sx*
P(x)e™

P(x) sin sx*

P(x)e"™ sin sx*

P(x)e™

DIFFERENTIAL EQUATIONS (Continued)
TABLE III: (D’ +¢)y=R

.y/’
el‘.\'
r2+q
sin sx
-2 +q
P PY(: . PO
[P( )P P Hfl)k%”}
q q q
(r* = 5% + g)e"™ sin sx — 2rse™ cos sx e . 1 2rs
3 3 5 e = sin| sx — tan 4r27v2+
(r* =57 +¢q)" +(2rs) (r27S2+q)2+(2rv)2 $+q
o 2 32 — q 43 —
P, _ P/ X + P// 3 P/// +
r2+q[ () “+q (x) P17 () = I ) ()
ey O O O ey
?+9q)
sin sx 3 4+q 5t 1055+ ¢
| P(x) — S P'(x) + PY)+ -
(—52+q)[ v (—s>+q)° « (- +q)* 0
U+l 21y 22 U1y 2k—4 2
N o R R SEEP O
(=s*+9)
5o 2P 452 4 4 » (Y L ()
3 sc;)ssx 2(’6) B 52 q PO+ (— 1! () (s -
=+ (=" +q) (- +¢) (=" +9)
TABLE IV: (D> +b)y=R
xcosbx

2b

sin bx P'(x) PY(x) cos bx P'(x)
(2b)2[ NGT +<2b)“_"']_ 2 /[ = G+ }d‘

* For cos sx in R replace “sin” by “cos” and “cos” by “—sin” in y,

TABLE V: (D’ + pD+4¢)y=R

oo
e.\

P +pr+q

o
— §7)sinsx — ps cos sx 1 . _ N
@ ) 2 = sin (SX —tan”! p77)
_§2

N

P{Zk—l)(x)+”.:|

, 24 n el nZ+anl4
P(Y)__Iy(H P4 priyy - _ZMP,(X)JFH_H_])HP G a ,( g
q ¢ q q
Replace p by p+2r, g by g+ pr+r* in formula 32 and multiply by ™.
Replace p by p+2r, ¢ by g+ pr+r* in formula 33 and multiply by ™.
TABLE VI: (D—b)(D—a)y=R
b —3bs

~p (x)i|

coS sx ( s s ) P+ ( 2as 2bs ) P
Y d|\@rs TR @+ PP+ X
s —5*  3bPs—s t
+ (aZ + 52)3 (bZ 2 (x) +-

Replace a by a—r, b by b-r in formula 36 and multiply by ™.
ax Jr (1)
ae_ |:/P(\)dr+(P(Y) + F“L 4 2O L ]

b b=a) b—ay (b-a b —ay™!

*For cos sx in R replace ““sin” by “cos’ and “‘cos” by “—sin” in y,.
TFor additional terms, compare with formula 6.
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39.

40.
41.

42.

43.

44.

45.

46.

47.

48.

49.
50.
S1.

52.
53.

54.

P(x)sin sx™

P(x)e’™ sin sx*

P(X)@ax

e* sin sx*

e sin bx*

P(x)e™ sin bx*

sin sx*

sin sx*

sin sx*
P(x)

e sin sx*
™ P(x)
P(x)sin sx*

€™ sin sx*

DIFFERENTIAL EQUATIONS (Continued)
TABLE VII: (D* —2aD + a® + b*)y =R

Yp

2a(s —

b)

sin sx s+b s—b 2a(s + b)
— P —
2b {Qﬂ+®+bf aL+®—hf>(ﬂ+<p2+u+bff

_3d(s—b)

[+ (s — b)2]2> 0

(3(12(5 +b)—(s+b)
[@+ (s + 57T

b)?

[az + (s

—(s=b*\
—b)2]3 )P (x)+..‘]

@ —(s—b)

7cossx|:< a B a )P(x)Jr & —(s+
26 |\ +(s+b? P+s—-b>) [@ + s +b)2]2

) y/
P
[@+(— b)2]2> (x)

a —3a(s

2 2
—3a(s+b
+<a a(s + b) _

[@®+ (s + 17)2]3

Replace a by a—r in formula 39 and multiply by ¢"™.

ewP“_ﬂm P(x)

Replace a by a—r in formula 49 and multiply by ™.
Replace a by a—r in formula 50 and multiply by ™.

/1!

(=1)"sinsx[4, P() + (N Apg1 P () + ("3) A2 P00 + ("5) Ay s P70 + -

+ (=1)" cos sx[B, P(x) + (1) B, P'(x) + ("3) By P’ (x) + (”*2) B, 3P (x) + -

a A_s & — 625+ Gd s —
Al:ﬁaAZZﬁwu~a k= B
@+ (@ +5%) @+
a 2as Dd s — B 5 4
Bi=—m—s.Bh=—5 s, B = 3
a*+s (@ +5%) (a* + )

Replace a by a —r in formula 53 and multiply by ™.
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[@®+(s—

]

+
=\,
b)2]3>p(x) +}

b4
e* sinsx
—s2 4+ b?
xe™ cos bx
2b
™ sinbx P”(x) PY(x) ™ cos bx P”(‘C) P"Y(x)
| POy - R e PO R L
(2b) (2b) (2b) 2b (2h)? (2b)
*For cos sx in R replace “sin’ by “cos’ and “cos” by “—sin” in y,.
"For additional terms, compare with formula 6.
TABLE VIIL: f(D)y =[D" +a, 1D" ' +-- - +a;1D+ ayly = R
yp
el'X
S
[ag — azs2 + a4s4 — - ]sinsx — [ays — a3s3 +ass” 4 -] cos sx
[a — ays® + ags* — - P +[ays — azs® + ass® — - 1
TABLE IX: f(D*)y = R
sinsx sin sx
f(=s1)  ay—aps® 4 £
TABLE X: (D —a)"y =R
el‘x
r—a)
w
@ ( +1)2)2 {ld" = (a2 + (O)d"*s* — - Isinsx + [(Nd"'s — ()d"3s* + - - ] cos sx}
a*+s
1 P! 5 P// P/// X
o+ T2 e T2 09 E 0]

]



DIFFERENTIAL EQUATIONS (Continued)

55. e P(x) s s | P(x)dx"
)= D/258x g o PG 2N\ P(5 M P
so. Pesingyt (SIS0 PO (P, (R

s s n—1 K n—1) s

+(—1)("+1)/lze”xcossx n—1 PO — n+1 P”Sx)+ n+3 Pivz(‘x)i._‘ (n odd)
s" n—1 n—1 5° n—1 K

(= D"2e%sinsx | (n—1 ! n+ 1\ P'(x)  (n+3\ P
S () ()]

N (= 1)"?e¢* cos sx |:( n ) P(x) <n + 2) P"(x) . (n + 4) P'(x)

<+ (neven
s n—1 s n—1) s n—1) s i| ( )

*For cos sx in R replace “‘sin” by “cos” and *“cos” by “—sin” in y,

TABLE XI: (D — a)"f(D)y=R

x” ea,\'
57. ™ —
¢ n f(@)
*For cos sx in R replace “‘sin” by “‘cos” and *“cos” by “—sin’ in y,,
TABLE XII: (D*+¢)"y=R
R Vp
58. €™ &P+ q)"
59. sinsx® sinsx/(g — s2)"
! P PN gy P
60. P(x) =[P = (1) ——+ (") — 7(?) 7t
q q q
61. ¢ sin sx™ (A%B%” {[4" = (5)A" 7B + ()4 *B* - Jsinsx — [(})4"'B— (})4" B’ + .- ] cossx}

A=r—s*+q, B=2s

TABLE XIIL: (D*+ b*)"y=R
x"cos bx /2 X"'sin bx
aapy 7 odd: TR

62. sin bx* (—1Dnthi2 (n even)

TABLE XIV: (D" — g)y=R

63. el‘X e!‘,\'/(rﬂ _ q)
1 P(n) . P(Zn)
64. P(x) - P(X)i(v)+$+-~
q q q
: _1\n=1)/2 n . .
65. sinsx* _gsinsxF( 5 b 3 T eos sy (nodd), % (n even)
. q‘+S n ) (_S2)n/ —q
66. ¢™sinsx* Ae™sinsx — Be'cossx ™ 0 tan-! B
. e™sinsx LB = \/mm sxX —tan” —

A= [ = ()P + ()0 =] — g B=[(1)7 5= (3 ]
*For cos sx in R replace “‘sin” by “cos” and ‘““cos” by “— sin” in y,,

TABLE XV: (D, +mD,); =R

R zp

67 ea,\'+/;y en‘c+l7y
a+ mb
Jf(w) du

68. f(ax +by)

, u=ax+b
a+ mb u=ax+oy

69. ./ (y — mx) xf(y —mx)
70. 9O 0 (y —mx) f(y — mx) [¢(x,a+mx)dx (a =y — mx after integration)
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72.

73.
74.

75.

76.

71.

78.

79.

82.

83.

84.

85.

86.

87.

88.

89.

90.

. ea,\‘+b,\‘

sin(ax + by)*
P sin(ax + by)*
e*f(ax + by)

S —mx)

PO (v — mx)

¢ (y = mx)

ea.\'+b )y

JS(ax+by)

. f(y —mx)

81.

(. ) (v + mx)

ea.\’+b 0y

= m)
P(x)f (y — mx)
& f(ax + by)

My — mx)

ea,\‘er )y

Slax +by)

ea,\'+l) y

sin(ax + by)*

DIFFERENTIAL EQUATIONS (Continued)
TABLE XVI: (D, +mD, — k)z = R
L)aerhr
a+mb—k
_(a+ bm)cos(ax + by) + ksin(ax + by)

(a+bm)* + k2
Replace k in 72 by k — « — mB and multiply by ¢
& [ fu) du

T

ax+py

, u=ax+by

k
1
fzf(yme)[p(XH ottt

xéf(y — mx)

P PO P<"><x)]

*For cos(ax + by) replace “‘sin” by “cos” and “cos” by “—sin” in

po= p =2 pp, =
T Ty Y T,
TABLE XVIIL: (D, + mD,)"z = R
z,
ea,\'+b_\'
(a+ mb)"
o [ f ) du”
%, u=ax+ by
X"
—f(y —mx)
n!

TABLE XVIII: (D, +mD, —k)'z =R

ea.\'+h Y

(a+mb — k)"

(=D —mx)
kﬂ

K" 1V k 2 k2 3

E[L - [fw)du"

—ax+ by
@t mb)y’ , u=ax+by

n
S (= my)
n:

N .

k}

Zp'

fy— mx)//- .. /q&(x, a+ mx)dx" (a =y — mx after integration)

0o+ ()7 (1) 20 (1) 20

TABLE XIX: [D; + @D\ Dy + DD 4+ a"D;]z =R

x+by
ea\'+ Y

a+a d'b+ ad" 2> + -+ a,b"

L[ [f @
a'+ alanilb + aga"72b2 44 arb >

(u=ax+by)

TABLE XX: F(D,,Dy)z =R

ea.\'+by

F(a,b)

TABLE XXI: F(Dg, D.D,. Df,)z =R
F(—d, —ab, — b?)

*For cos(ax + by)replace “sin ” by “cos”, and “cos” by “—sin” in z,.
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DIFFERENTIAL EQUATIONS

Differential equation

Method of solution

Separation of variables

S1i0@1 () dx + f2(x)g2(») dy =0

0 L [20)
/'z(x)dx+/g1(y)d} =

Exact equation

M(x,y)dx + N(x,y)dy =0
where dM /9y = IN /dx

[ [ o= )

where dx indicates that the integration is to be
performed with respect to x keeping y constant.

Linear first order equation

L )

yedex _ /Qedexdx e

Bernoulli’s equation

d
=4 POy = 00"

ve(l—n)f}’dx —(1- n)/Qe(l—n)dede T
wherev = »'™. If n = 1, thesolutionis

lny:/(Q—P)dx-i-c

Homogeneous equation

=0

ln‘c—/ dv +
T Fy) -y ¢

where v=y/x. If F(v)=v, the solution is
y=cx

Reducible to homogeneous
(a1x+ b1y +c))dx + (ax + byy + ¢2)

dy=0
a b
a, " by

Setu =a;x+ by + ¢,
v=ax+by+c

Eliminate x and y and the equation
becomes homogenous

Reducible to separable

(a1 x + b1y + c))dx + (ayx + by + ¢5)

dy=0
a_h
azibz

Set u=ax+byy

Eliminate x or y and equation
becomes separable
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DIFFERENTIAL EQUATIONS (Continued)

yF(xy)dx + xG(xy)dy =0

_ G(v)dv )
= [ Fo

where v = xy. If G(v) = F(v), the solution is xy = c.

Linear, homogeneous
second order equation

b, ¢ are real constants

Let m;, m, be the roots of m* + bm+c = 0.
Then there are 3 cases:
Case 1. my, m; real and distinct:

y= clemlr + czemzx

Case 2. my, m, real and equal:

X X

y=cie" +cyxe

Case 3. my =p+gqi, my=p—gqi:

y = e (c; cos gx + ¢, sin gx)

wherep = —b/2, ¢ =V4c —b*/2

Linear, nonhomogeneous
second order equation

&y dy
2 + ba + ¢y = R(x)

b, ¢ are real constants

There are 3 cases corresponding to those immediately
above:

Case 1.
y= Cleml" + Czemgx
oM
o | € RO
| =y
omx
e | € RO
) —
Case 2.
y= Clemlx +L’2X6m1x
+ xe™ / e ™M R(x)dx
— ™M /xe’""xR(x) dx
Case 3.

y =é"(c; cosgx + ¢, sin gx)

e si
+ y / e " R(x) cos gx dx

e 3 :
—#/e"”R(x) sin gx dx
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DIFFERENTIAL EQUATIONS (Continued)

Euler or Cauchy equation

d*y
xz—y-i-bxdy
x

p] i +cy = S(x)

Putting x = ¢, the equation becomes

dzy

d
TEEb-DT ey =S

and can then be solved as a linear second order
equation.

Bessel’s equation

&y dy
2ay a4
X —2+Xa

Xt =)y =0
e + (%" —n)y

y= C]Jn(}"x) + Yn(l‘x)

Transformed Bessel’s equation

dzy

2
X
dx?

d A
T2+ l)xd—); T @+ )y =0

_ o, o,
y=x ”{cqu/,(7x ) +02Yq/,(7x )}

where ¢ = /p* — B.

Legendre’s equation

2
1—-x2 %7236%4»71(114»1))7:0

y= Can(x) + C2Qn(x)




FOURIER SERIES

If f(x) is a bounded periodic function of period 2L (i.e. fx + 2L) = f(x), and satisfies the Dirichlet conditions:

A. In any period f(x) is continuous, except possibly for a finite number of jump discontinuities.
B. In any period f(x) has only a finite number of maxima and minima.

Then f{x) may be represented by the Fourier series

o0
ao nmx . NTmMX
2t Z] (an cos™7+ by sin )

where a,, and b, are as determined below. This series will converge to f{x) at every point where f{x) is continuous,
and to

S +/(x7)
2
(i.e., the average of the left-hand and right-hand limits) at every point where f{x) has a jump discontinuity.
1L x
ay ZZ/;L_}((X)COSELX dx, n=0,1,23,...,

1 . NmX
b":Z/,,_f(x)sdex’ n=1,2,3, ...

we may also write

1 +2L 1 a+2L ) .
a, =7 i f(x)cos%dx and b, :Z/u f(x)smﬂ;dx
where « is any real number. Thus if « = 0,
1 nmx
=— (€ —d =0,1,2,3,...
=7 A f(x)cos 7 dx, n=0,1,2,3, ...,

1 [ . nmX
b":Z A f(x)sdex, n=1,2,3, ...
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. If in addition to the above restrictions, f(x), is even (i.e., f{— x) =f(x)) the Fourier series reduces to

dy i nmx
— 4,08 ——
2 n=1 ! L

That is, b,=0. In this case, a simpler formula for a, is
2 (F nmx
a, :Z/O f(x)cos de, n=0,1,23, ...
. Ifin addition to the restrictions in (1), f{x) is an odd function (i.e., f{— x) = — f(x)), then the Fourier series reduces to
= . NmX
Z b, sin 7
n=1

That is, a,=0. In this case, simpler formula for the b, is

2 (* 2
b,7=z/0 f'(y’c)sin?dx, n=1273, ...

. If in addition to the restrictions in (2) above, f{x) = — f(L — x), then a, will be 0 for all even values of #n, including
n=0. Thus in this case, the expansion reduces to

i o cos 2m — Dnx
2m—1 L

m=1

. If in addition to the restrictions in (3) above, f(x), =f(L — x), then b, will be 0 for all even values of n. Thus in this
case, the expansion reduces to

= . (2m— Dnx
Z by SIN
L
m=1

(The series in (4) and (5) are known as odd-harmonic series, since only the odd harmonics appear. Similar rules
may be stated for even-harmonic series, but when a series appears in the even-harmonic form, it means that 2L has
not been taken as the smallest period of f{x). Since any integral multiple of a period is also a period, series
obtained in this way will also work, but in general computation is simplified if 2L is taken to be the smallest
period.)

. If we write the Euler definitions for cos 6 and sin 6, we obtain the complex form of the Fourier Series known either
as the “Complex Fourier Series” or the ““Exponential Fourier Series” of f(x). It is represented as

n=+0o0

. 1 oo
Jx) =3 Do el

n=-—00

where
1 * .
o = ,/ e dx, n=0,£], £2, +3,...
L),

with w, =% n=0, £1, +2,...

I
The set of coefficients {c,} is often referred to as the Fourier spectrum.

. If both sine and cosine terms are present and if f{x) is of period 2L and expandable by a Fourier series, it can be
represented as

00
. ap . /nmx .
f(x)= ) + Z Cn sm(T + ¢,7), where a, = ¢, sin ¢,
n=1
a
by = chcosgy, ¢y =, d>+Db, ¢, =arctan <b—")
n

It can also be represented as
a > nmx
flx) = 70 + Z Cn cos(T' + ¢n), where a, = ¢, cos ¢y,
n=1

. bil
by = —cysing,, ¢, =./at+b2, ¢, =arc tan<f o
n

where ¢, is chosen so as to make «,, b,, and ¢, hold.
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8. The following table of trigonometric identities should be helpful for developing Fourier Series.

n n even n odd n/2 odd n/2 even
sinnm 0 0 0 0 0
cosnm (-1 +1 -1 +1 +1
*sin % 0 (=)= 0 0
*cos% (=1)"? 0 -1 +1
sin T ? (71)(/12+4n+1 1)/8 (- 1)(n—2)/4 0

*A useful formula for sin% and cos% is given by

. nm @y

27 2

[(=1)" — 1] and cos% = %

[(=1)"+1], where # = —1.

AUXILIARY FORMULAS FOR FOURIER SERIES

4 . mx 1 . 3nx 1 . Snx
le SIn— + = sin + —sin

RSNt k+--~] [0<x<Kk]

X —251n X —|—§sm P

x:%[sing Lan2™ 1y 3nx_”} [k <x < K]

X k_ak cos X 4 ! cos 3nx+ ! cos 57rx+ [0 <x<k]
XxX=z—— — 4= —COS——+ -+ <x<
2 n? k32 k 52 k

x2727k2 lz,i singfn—zsinzn—er n:,i sin@
Tom I 1 ko2 k 303 k

4 2 4
—n—sinﬂ-i-(n———)sins%-%-} [0 <x<K]

, K 4_k2 cos ™ 1 2nx 1 3nx 1 4mx
N ko 22 ko 32 k4 k

| 1+1 1+ T
3'5 7 T4
| 1+1+1+ o
22732 42 T 6
| 1+1 1+ o
22732 4 12
1+1+1 1+ o
32052 7 ~ 8
24262 T 24

A-T7
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FOURIER EXPANSIONS FOR BASIC PERIODIC FUNCTIONS

f(x)
A
1
4 1 . nmx
Ly (%) = & Zgin ™
0 L 2L x S 5% 151 L
1k .3,5,
f(x)
1 - ¢ =
(=" c . nmx
0 I T f”—*; o (eos™ = 1)sin ™
-1 = ¢ |«
f(x)
1 f— 2¢ —]
0f L L f(x)= + Z( Iy smE il
L 2L x ’ L
Sx)
ep Tle =
0 . 3L/2 L > = Z L sin (ynme/L) . nmx
I_ L2 L 2L x L Inme/L L
1/c
B
fx)
1 |
L 2L 1)n+] nmx
0 > 1 )_— - sin——
o | : > 2
f(x)
1
1 4 1 nx
1 1 1 - —_ -
o' L o X f(x)_2 n2n:1,3,5_..n2 08 L
f(x)
1
0 /\ 372 - 1>(” O i
L L/2 L o TWEm 2 S
-1 "=
f(x)
1
1 11 . nrx
of TR A D Dt L
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FOURIER EXPANSIONS FOR BASIC PERIODIC FUNCTIONS (Continued )

f(x)
i 1 2
1 o f(,x):§(1+a)+ 20 = )Z 7[( 1" cosnna—l]cosT
. | \l > _L)
| L 2L X a= L
fx)
_’l /2 = o0 n—1 :
1 2 (—1) sinnma | . nnx ¢
el e (am )
o ) _ JSx) n; n +nn(1—a) sin 7 a 3L
I_ L 2L x =
- - 2 [~
f(x)
1 - JS(x)= —cosnnacosﬂ, (a:i)
L 2L
0 | | - n 1,3,5,.
I en L 2L-cl2 2L
Sf(x)
! <2 = 2, (=1)" 14+ (=D" . . nmx ¢
o A-c2 | f(x):;ZI p |:1+m_[(1720)31nnna smT; <a:ﬂ>
cl2 L 2L X n=
- = 2 |
f(x)
C 00
1 L4 1. nm . . NTX c
ol | L4 ‘/(X)EZ_;ZSIHTsmmmsmT’ (a:ﬁ)
L L/4 L "T2r % n=
-1 —_
f(x)
\
1+ _ nmx _c
5L/3 2L JSx) = 22 zsm—sm—, (a,i)
0 1 >
L/3 L T x
1k
fx)
A
1+ . nm . AmX _c
o o JO= 3n22 singin (e=37)
L/4 L T X
,1 -
f(x)
sinot 7=2n/m
1 2
! / S(x) = —+§sma)t—— ———cos nwt
0 1 > T[n =2,4,6, ...
! /o on/e ot

Extracted from graphs and formulas, pages 372, 373, Differential Equations in Engineering Problems, Salvadori and

Schwarz, published by Prentice-Hall, Inc.,1954.
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THE FOURIER TRANSFORMS*
R. E. Gaskell
For a piecewise continuous function F(x) over a finite interval 0 = x = =, the finite Fourier cosine transform of F(x) is
ﬁ(n):/(;nF(x)cosnxdx n=0,1,2,..) (€))]

If x ranges over the interval 0 = x = L, the substitution X’ = nx/L allows the use of this definition, also. The inverse
transform is written.

F(x) = %ﬁ(O) - %Z\‘:ﬁ(n) cosnx (0 <x <m) 2)
n=1

[F(x+0)+ F(x — 0)]

where F(x) = 3

. We observe that F(x) = F(x) = at point of continuity. The formula
U
Al :/ F’(x)cosnx dx
0

= —n*fe(n) = F'(0) + (=1)"F'(n) 3)

makes the finite Fourier cosine transform useful in certain boundary value problems.
Analogously, the finite Fourier sine transform of F(x) is

fs(n) :/ F(x)sinnxdx (n=1,2,3,...) 4)
0
and
Fo =23 fmsinnr (0 < x < )
'\771”21“‘” nx <XxX<m
Corresponding to (3) we have

SO = / F’(x)sinnx dx
0

(6)
= — n*f,(n) — n F(0) — n(—1)"F(r)
Fourier Transforms
If F(x) is defined for x = 0 and is piecewise continuous over any finite interval, and if
X
f F(x)dx
0
is absolutely convergent, then
2 X
fla) = \/; / F(x) cos(ax) dx %)
0
is the Fourier cosine transform of F(x). Furthermore,
_ 2 (*
F(x)= \/; / Jfe(a)cos(ax) da 8)
0
- d"F . . .
if im0 = 0, an important property of the Fourier cosine transform
P 2r F
O @) = \/; /O (%) cos(ax) dx
h r—1
= _\/% Z (_ 1)”“2)'—2/7—] aZn + (_ l)raz':f(r(a) (9)
n=0
. d"F . . .
where lim,_, o e a, makes it useful in the solution of many problems.
xr
Under the same conditions.
2 X
fi(@) = \/;/ F(x)sin(ax) dx (10)
0

*From Beyer, W. H., Ed., CRC Handbook of Mathematical Sciences, 5th ed., CRC Press, Boca Raton, 1978,
592-598. With permission.
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defines the Fourier sine transform of F(x), and

Fx) = \/% / (@) sin(ax) da
0
Corresponding to (9) we have

00 12r
) = \/z / d—Fsin(ax) dx
s 7 Jo dx2r

= —\/%Z (=1 gy 2y + (= 1)@ fi(@)
n=l1

Similarly, if F(x) is defined for —oo < x < o0, and if fioocF(x) dx is absolutely convergent, then

fl@) = \/%,z f_ O:o F(x)e™ dx

is the Fourier transform of F(x), and

— 1 o .
F(x) = E/— fl@)e ™™ da

d"F
dx"

Also, if

lim

|x|—>00

=0 m=12,....,r=1)

then

1@ = [ e = (i@

Finite Sine Transforms

J5(n) F(x)

1 j;(n):/:F(x)sinnxdx n=12,..) F(x)

2 (=1 F(r—x)
1 m™T—X
—_1yrt! X

4 D -

n
s 1=(D 1
n

6 zsing x  when0 < x <m/2
2700

; ey )

n 6m

¢ 1—(=1)" x(m — x)

n 2
o TEDT 21— (1] .
- 3 X
n n
W6 T
10 m(—1) (n—g—z) g
n n _CT

11 m[l—(—l)e] o

12 n sinh ¢(m — x)
n +c? sinh ¢t

13 50 (k#0,1,2,..) sinkir — x)
n-—k sinkm

when n=m

YRS
—_
3
Il
—
N
<

sin mx

14
0 whenn#m
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n—x whenn/2<x<mn

(11)

(12)

(13)

(14)

(15)



Si(n) F(x)
n 7 k(
15 m[l—(—l) cos kn] COSkx
(k#1,2,...)
n n-+m
. nZ_mZ[l — (= 1)) cosmx
whenn#m=1,2,...
0 when n=m
n inkx  xcosk(m—x)
17 —————(k#0,1,2,...) TSmAY
(" — 2y’ 2esinZkn | 2ksinkn
b 2 bsinx
- = = e
18 n(lbl_l) narCtanl—bcosx
I—-(=n", _ 2 2b sinx
-~ 7 = — t.
19 P’ b (Ibl=1) narc an s
Finite Cosine Transforms
Je(n) F(x)
T
1 ﬁ(n):/ F(x)cosnxdx (n=0,1,2,...) F(x)
0
2 (= 1)'fln) F(r—x)
3 Owhenn=12,...;/0)=mn 1
2 . nm -~ 1 when 0 <x<m/2
4 ;sm?,fc(())—o —1 whenn/2<x<m
1—(=1) TEZ x
s U 0=
-y e 2
6 1 7z 3 /e(0) = 3 n .
7 =i f0)=0 w—xy =
(_ l)n 1— ( _ l)u TE4 2n 6
8 3’ =6 3 : £(0) = o 3
—De‘n—1 1 o
9 % —e”
n-+c c
10 1 cosh ¢(m — x)
n* + ¢? csinhcn
k ., sin kx
" m[( — 1) cosmk — 1]
(k#0,1,2,---)
12 w-f(m)_o (m=1,2,---) lsinmx
n2 _m2 sJc - - Rt ] m
cos k(m — x)
13 —— (k#0,1,2,... -
n* — k? (e # ) k sin kn
14 Owhenn=1,2,...; cos mx
fm =3 m=12.)
Fourier Sine Transforms*
F(x) Sile)
1 11 O<x<a 21 —cosa
0 (x>a) p o
2 7N (0<p<1) ﬁ@sin@
T oo 2
3 siny (0 <x<a) 1 [sinfa(l —e)] sinfa(l 4+ )]
0 (x>a) J2r l—«a 1+a
4 \/E o
E|:l +(x2:|
5 xe""zg2 ae=?
X o2 o2 2 (AT
6 cos— in—el=) = — 5=
) ﬁ|:81n26<2> coszS<2
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F(x) Js(@)

¥ o’ o’ oF [o? '
7 sin— ~—cl= in— S| =—
) «/i|:cos2C(2)+ssz(2>:|

*C(y) and S(y) are the Fresnel integrals

1 L
C(y)=—— | —=costdt,
0 \/211./0 Vi

1 .
—sintdt

N

*More extensive tables of the Fourier sine and cosine transforms can be found in Fritz
Oberhettinger, Tabellen zur-Fourier Transformation, Springer, 1957.

SO =

Fourier Cosine Transforms

F(x) S (@)
| {1 0<x<a) \/Esinaa
0 (x>a) —
_ 2T(p) pm
1
2 X (0<p<)) ‘/;a” cos -
3 fcosx O<x<a) 1 [sinfa(l — a)] n sinfa(1 + «)]
0 (x>a) V2n l—« l+o
4 \/5 1
n\1 + o?
5 YN o2
¥ o> T
6 cos— cos|——=
2 2 4
7 sinﬁ o
sin— cos 7+Z

Fourier Transforms

F(x) Si(e)
sin ax i
| A 5 la| <a
X
0 J|al>a
M (px < q) o i) ig(ta)
) { X <q i e e
0 (x<p.x>gq) J2r (w+a)
—CX+Hivx " i
3 e (x>0, 0 I
{ 0 (<00 V2R + « + ic)
,— [4p
4 o Rp)>0 N
5 2 RN
Cos px T 43
6 sinos? L s 4T
sin px N »ta
7 |xI? (0O<p<l) 2T(1 —p)sin@
E ‘al(lfﬂ)

—alx|
g ¢ - V(@ +a?) +a
i yve v Te
Va +o?

cosh ax a 3
9 (=1 < a <) \/5 cos§cosh§

coshmx ncosha + cosa
sinh ax 1 sina
1 _ o S
0 sinh tx (r<a<m V2rcosha + cosa
L (<o
——— (x| <a
n Ve e
0 (|x| > a)
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F(x) S(@)
0 (lee] > b)
pp Snlbya + 2] { \/EJO(aM) (| < b)
Jare ?
P,(x) (x| < 1) i
13 ) e \/&Jn_%(a)
coslbya? — 7] (x| < a)
14 V& = ’ \/EJO(a\/az e
0 (|x| > a) 2
cosh{pv/a — ] (x| < a)
15 P2 \/gjo(a\/m)
0 (x> a)

* More extensive tables of Fourier transforms can be found in W. Magnus and F. Oberhettinger, Formulas and

Theorems of the Special Functions of Mathematical Physics. Chelsea, 1949, 116-120.

The following functions appear among the entries of the tables on transforms.

Function Definition Name
Ei(x) f erV; or sometimes defined Sine, Cosine, and Exponential
- X Integral tables pages 548-556
as —Ei(—x) :/ Tdv
. “sinv * . . .
Si(x) - dv Sine, Cosine, and Exponential
07 v Integral tables pages 548-556
Ci(x) f &'svdv; or sometimes defined Sine, Cosine, and Exponential
as negative of this integral Integral tables pages 548-556
O Error functi
erf(x — | e Vdv rror function
’ v Jo
2 [* _»
erfe(x) 1—erf(x)= G / e dv Complementary function to
T s error function
X !
L,(x) P x"e™), n=0,1,... Laguerre polynomial of degree n

SERIES EXPANSION

The expression in parentheses following certain of the series indicates the region of convergence. If not otherwise
indicated it is to be understood that the series converges for all finite values of x.

BINOMIAL
(X + y)n — ¥+ nxn—ly + n(nZT l)xn—ZyZ + n(n — 13)'(” — 2) le—3y3 4. (yZ < XZ)
_ 2 _ _ 3
Gty =14nx+™0 Z'I)X G 1);’ DY <)
2 3
dtx) =1 :an+n(n J;l)x :Fn(n+ l)g1+2)x e (P <)
A+ ' =1Fx+Fr 4+ 5+ (P <)
A+ 2=1F2x+3 Fa4l+5x F6x’ +--- (P <)
REVERSION OF SERIES
Let a series be represented by
y=a1x+ X + a3 + agx* + asx® + agx® + -+ (a; #0)

to find the coefficients of the series
x=Ay+ Ay + Ay + Ayt + -

a )

A]:— A2=—— A3:— 2a —ayaz
@ a 7 (20 —as)
1

Ay = — (Sayaza3 — alay — Sag)

—
ap
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SERIES EXPANSION

The expression in parentheses following certain of the series indicates the region of convergence. If not otherwise
indicated it is to be understood that the series converges for all finite values of x.

BINOMIAL
(X+},)” — +nx""y+n(n27 l)xan 2 n(n — 13)'(}7 - 2))(1773},3 4+ ... (yZ < XZ)
— 1)x? — D —2)x°
Atx =14+ - W )3(:' X (<)
1)x? 1 2)x3
(7 =1 W DE LML DRED 2 <)

(I:I:)c)’l =lxx+2F 2+ F0+ (P <))
Ax0)2=1F2x+32 F42 +5x° F6° +--- (¥ < 1)

REVERSION OF SERIES
Let a series be represented by
y=ax+ X+ a3 + axt +asx® + agx® + - - - (a; #0)
to find the coefficients of the series
X =A1y+ Aoyt + A3yt + Ayt
A L Ay=——= A3 :ls(zag - a1a)

a aj a

Ay =

2 3
== (Sa1maz — ajas — 5a3)
1



1
As = = (6alaza4 + 3a,a3 + 14a2 — ala5 21a1a2a3)
a)
1

Ag = o - (Ta}azas + Tajazas + 84ayadas — afas — 28aia3as — 28aiaray — 42a3)
1
A7 = Ll (Sa‘l‘azaé + Sa‘l‘ams + 4a + 120a a4 + 180a2a§a§ + 132ag — a?a7
4
—36aa3as — 12a amazay — 12d3 a3 — 330a1a§a3)
TAYLOR
L 109 =@ + ¢~ af@+ 2P pa + S5

+ %f”’)(a) + ---(Taylor's Series)

(Increment form)

I n
2. f(x+h) = f(x) + hf'(x) 5 S )+ —f”’(x) o

=/ + /") +5 f”(h)+ f”’(h)+

3. If f(x) is a function possessing deerdthBS of all orders throughout the interval ¢ = x = b, then there is a value X,
with aXb, such that

2
10 =1+ 6@+ P54t e 4 O oy
2 n—1
fla+h)=f(a)+ hf'(a) +%f”(a) et T 1),f<” (a )+ f<">(a +0h), b=a+h 0<6<1.
or
(n—1)
169 =f@+ =@+ O e
where
R, = W( —a)", 0<6<]l.
The above forms are known as Taylor’s series with the remainder term.
4. Taylor’s series for a function of two variables
lf(hi+k )/( x,y) = L% })+k—af(;;’y);
<h—+k ) f) =1 af(x Y +21k82f(xyy) + K 32«’;(;‘2’}')

—, With the bar and subscripts means that after differentiation we are to replace x by

) 3 9\"
etc., and if (h& + k5> f(x,p)
a and y by b,

f(a+l1,b+k):f(a,b)—l—(hai-i-kﬁ)/(x,y) = a+~~~
X ay

l 8 n
vea ot (h——i—k )](x ¥)

MACLAURIN
2 f3 ) n—1) 0
SO =10 + O+ 5O+ 5 @ 4+ O g
2! 3! (n—1)
where
n£(n) (O~
R”:7xf (9“\), 0<6<l.
n!
EXPONENTIAL
e=14ip iy Ly
! 22' 3} 4'4 (all real values of x)
JX
e =1 +X+2—!+§+4—!+"'
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. x1 ?
a":l+xlogﬁa+w

2! 3!
-2 )3
e.\»:ea[l PN C 2!a> LG 3!a>
LOGARITHMIC
| _x-1 1 x—12+l x—]3+
Ot = 3 ’
log, x = (x — 1) = 3(x = ) +4(x = 1)’ -
log x— 2| X1 lx—13+1 x—lf’+
Be X = +1 3\er1) T5\Gr

log,(1+x) =x -2 + 1% —Ixt 4 ...
1 1 1 2(- ! ! !
og(n+ 1) —log(n—1) =2~ +37+5s+-

1

X

(xlog, a)’ N

+ }

(>
2=x>0)
(x>0)

(-l<x<l

3
X

1 N =1 2 -
og,(a+x) =log.a+ [2 ey 2a+\) +5(2a+

(a>0, —a<x<+00)

)]

—l<x<l

0<x=2a

I)BZn xzn,1 n

and B, represents the nth Bernoulli number.]
1_

Tt

and B, represents the nth Bernoulli number.]

2
E"nxn""‘"

[xz < %, and E, represents the nth Euler number.]

n?, and B, represents nth Bernoulli number.]
(x? < o0)

(x? < 00)

(xz <1, —g <sin'x < g)

1

(x*<1,0<cos'x <m)

<1
(x>1)

(x<-1)

og, LEX oy D
g1 % 375 -1
(x—a) (x—a)P (x—a)
log, x =log, a + PRy + 7 — .
TRIGONOMETRIC
3005 T
sinxy = x — §!+'§—!—";—!+- (all real values of x)
2 4 6
cosx =1 %+Z—|72—!+ (all real values of x)
fanx x4 i N zi 17X7 62x9 (_1)11—122;1(22n _
YEXTFTS T 315 2835 @n)!
[ <=,
1 x X 2xX° X/ (_ 1)71+ 1 22n N
txX=—— - — ... — By, x""
O = 73745 945 4725 o o
[¥? < n2,
2 s 61 277 (=1)"
[N R NN SRS sl
seex =145+ 920" TRoea™ T T @y 2
csex = l+ +L}+ 31 X’ 127 X'+
: 6 360 15,120° 604, 800"
(=D =) L,
TBZW'\ +
[x* <
X2 X2 X2
iny=x(1-2])(1- 1-
o= (1=3)(1-52) (1 -5)
4x? 4x? 4x?
[cosx = (] — n2><1 —327[2)(1 _521-:2)'”
sin™' x = x+— aa 13 s 135
- 2.3 2-4.57 ' 2.4.6-7
cos-! T +x3 N 1-3 5_"_143-5x7+
R T R P R SO S BB
] O
te X=x——4——"—..
an~ x=Xx +5 7+
tan_]x—E l L : +1
T2 x 0 3x 5% TN
-y _®_ L, U1
2 x 3x3 5% IXT
cotlx =" x4l 2
3 5 7
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. x2oxt X8
log, sinx = IOg"X_K_ﬁ_M_“'
2ox x0 17

X
log(,cosx:—7—ﬁ—ﬁ—m—n~

log tanx — 1 +x2+7x4+62x6+
OB ANX =108 X T3 T 9 T 3835
o X2 3x* 8x% 3x0 56x7
SiInx __ - o
S TR R TR T

008N — e(] _xz J,-4X4 — 3IX6 + )

2074 T el

elanx:1_~__X_;’_x_2_|_3'_)€3_i_9_x4 37x5

(x —a)’

sinx =sina + (x — a)cosa —

3 Y
_(x S’a) cosa+(x 4'a) sina+---
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VECTOR ANALYSIS

Definitions

Any quantity which is completely determined by its magnitude is called a scalar. Examples of such are mass,
density, temperature, etc. Any quantity which is completely determined by its magnitude and direction is called a
vector. Examples of such are velocity, acceleration, force, etc. A vector quantity is represented by a directed line
segment, the length of which represents the magnitude of the vector. A vector quantity is usually represented by a
boldfaced letter such as V. Two vectors V| and V, are equal to one another if they have equal magnitudes and are
acting in the same directions. A negative vectors written as — V, is one which acts in the opposite direction to V, but is
of equal magnitude to it. If we represent the magnitude of V by v, we write |V| = v. A vector parallel to V, but equal

. . . . . _ 1
to the reciprocal of its magnitude is written as V™! or as —.

The unit vector — (v # 0) is that vector which has the same direction as V, but has a magnitude of unity (sometimes
v

represented as V or V).

Vector Algebra

The vector sum of V; and V, is represented by Vi+V;. The vector sum of V| and — V,, or the difference of the
vector V, from V; is represented by V; — V,.

If r is a scalar, then rV =Vr, and represents a vector r times the magnitude of V, in the same direction as V if r is
positive, and in the opposite direction if r is negative. If r and s are scalars, V|, V,, V3, vectors, then the following
rules of scalars and vectors hold:

Vi+ V=V, +V,
r+s)Vi=rVi+sV;, r(Vi+Va) =1V +1V,
Vi+(V24+V3)=(Vi+V)+ V3=V, +V,+V;

Vectors in Space

A plane is described by two distinct vectors V; and V,. Should these vectors not intersect each other, then one is
displaced parallel to itself until they do (fig. 1). Any other vector V lying in this plane is given by

V=rVy +sV,

A position vector specifies the position in space of a point relative to a fixed origin. If therefore V| and V, are the
position vectors of the points 4 and B, relative to the origin O, then any point P on the line 4B has a position vector
V given by

V=rVi+({-rV,

[TKL]

The scalar “r” can be taken as the parametric representation of P since r =0 implies P= B and r =1 implies P= A4
(fig. 2). If P divides the line AB in the ratio r : s then

G
r+s r+s




\ ;
\
Figure 1. Figure 2.
The vectors V|, V,, V3,...,V, are said to be linearly dependent if there exist scalars ry,rs,r3,. .., r,, not all zero,

such that
nVi+nVa+--+rV,=0
A vector V is linearly dependent upon the set of vectors Vi, V,, V3,...,V, if
V=nVi+nrnVy+rnVi+---+nrV,

Three vectors are linearly dependent if and only if they are co-planar.

All points in space can be uniquely determined by linear dependence upon three base vectors i.e., three vectors any
one of which is linearly independent of the other two. The simplest set of base vectors are the unit vectors along the
coordinate Ox, Oy and Oz axes. These are usually designated by i, j and k respectively.

If Visa vectorin space, and a, b and c are the respective magnitudes of the projections of the vector along the axes then

V =dai+ bj+ ck
and
and the direction cosines of V are
cosa =a/v, cosB=>b/v, cosy=c/v.
The law of addition yields
Vi+ Vo= (a1 +a)i+ (b + by)j+ (c1 + )k

The Scalar, Dot, or Inner Product of Two Vectors V; and V,

This product is represented as Vi - V, and is defined to be equal to v;v, cos 6, where 6 is the angle from V, to V,,
ie.,
V] -V2 = V1V2C089
The following rules apply for this product:
Vi-Vo=aiay +biby+cica=V,-V,
It should be noted that this verifies that scalar multiplication is commutative.
(Vi+V2)-Vi=V-V3+V,.-V;
Vi-(V2+V3)=V,-V2+V,-V;
If V, is perpendicular to V, then V; -V, =0, and if V, is parallel to V, then V| -V, = vy, = rwl2
In particular
i-i=j-j=k-k=1,
and
i-j=j-k=k-i=0

The Vector or Cross Product of Vectors V; and V,

This product is represented as V| x V; and is defined to be equal to v;v,(sin 8)1, where 6 is the angle from V; to V,
and 1 is a unit vector perpendicular to the plane of V; and V,, and so directed that a right-handed screw driven in the
direction of 1 would carry V; into V,, i.e.,

V] X Vz = v]vz(sin 9)1
and
V1 x V3
ViV,

tan6 =
The following rules apply for vector products:
VixV, ==V, xV,
Vix(Va+V3)=V xV+V xV;
(Vi+V2)x V3=V xV3+VyxV;
Vi x (V2 x V3) =Va(V3- V1) = V3(V; - V2)
ixi=jxj=kxk=0.1(zero vector)
=0
ixj=Kk, jxk=i, kxi=j
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If Vi =aji+ bij+ cik, Vo = ai+ boj + o2k, Vi = azi+ b3j + c3k,

then
i j ok
VixVy=lar by c|=(bica—bc))i+ (craz — caar)j+ (a1by — axby)k
a bz C2
It should be noted that, since V| x V, = =V, x V|, the vector product is not commutative.

Scalar Triple Product

There is only one possible interpretation of the expression Vi -V, x V3 and that is V|- (V; x V3) which is
obviously a scalar.
Further Vi - (V2 x V3) = (V1 x V3)- V3 =V, - (V3 x V))

a by ¢
=|d bg (&)
as by ¢

= r1rr3cos¢sin,
Where 6 is the angle between V, and V3 and ¢ is the angle between V; and the normal to the plane of V, and V;.
This product is called the scalar triple product and is written as [V;V,V3].
The determinant indicates that it can be considered as the volume of the parallelepiped whose three determining
edges are Vi, V, and Vs.
It also follows that cyclic permutation of the subscripts does not change the value of the scalar triple product so
that
[ViV2Vi] = [VaV3Vi] = [V3V V3]
but [V;V,Vi]=—[V,V V3] etc. and [VVV,]=0etc.
Given three non-coplanar reference vectors V,, V, and Vs, the reciprocal system is given by V1, V3 and V3, where
1 =viv] =5 =3y}
0=vv; =vv; =y et
*7V2XV3 Vv V3><V| «
- 9 2 — s
LT IVIVaVil 2T ViVaVs] P VIVaV3]
The system 1i, j, k is its own reciprocal.

_ V]XV2

Vector Triple Product

The product V; x (V2 x V3) defines the vector triple product. Obviously, in this case, the brackets are vital to the
definition.

Vi x (V2 x V3)=(Vi-V3)Va = (V1 - V2)V;

i j k
a) b] Cl
= bz (&) Cy Az a b2
b3 3 c3  as az b3
i.e. it is a vector, perpendicular to Vy, lying in the plane of V,, V;.
Similarly
i j k
b] Cl 1 a ay b]
(V] X Vz) X V3 =
by (S5 a by
as bs G

Vix(VaxV3)+Vyx(VixV)+V3x (Vi xVy)=0
If Vi x (V2 x V3) = (V; x V,) x V3 then Vi, V,, V5 form an orthogonal set. Thus i, j, k form an orthogonal set.

Geometry of the Plane, Straight Line and Sphere
The position vectors of the fixed points 4, B, C, D relative to O are V;, V,, V3, V4 and the position vector of the
variable point P is V.
The vector form of the equation of the straight line through A4 parallel to V, is
V=V, +1rV,
or (V=-V))=rV,
or (V=V)xV,=0
while that of the plane through A perpendicular to V, is
(V=V)-V2=0
The equation of the line 4B is
V=rVi+(1 -1V,
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and those of the bisectors of the angles between V; and V, are

vV, V
V= r<—1 + J)
V1 %)

or V=r(Vi £V
The perpendicular from C to the line through A parallel to V, has as its equation
V=V =V;—%-(Vi = Vi)V
The condition for the intersection of the two lines,
V=V, +rV;
and V=V, +sVy
is [(Vi=V2)V;3V4]=0.
The common perpendicular to the above two lines is the line of intersection of the two planes
[(V=VDV3(V3x V4)] =0
and [(V = V2)Vy(V3 x V4)] =0
and the length of this perpendicular is
[(Vi = V2)V3Vy]
V3 x V4
The equation of the line perpendicular to the plane ABC is
V=V xV,+V, xV3+V3xV,
and the distance of the plane from the origin is
[ViVyV3]
(V2= Vi) x (V3 = V)|’

In general the vector equation
V. Vz =r
defines the plane which is perpendicular to V,, and the perpendicular distance from A to this plane is
r— V1 . Vz
V2
The distance from A, measured along a line parallel to V3, is
l‘—V1~V2 r—V1~V2
Vz . {’3 or V2 COS 6
where 6 is the angle between V, and V.

(If this plane contains the point C then r = V3 - V; and if it passes through the origin then r=0.)
Given two planes

V-Vi=r
V.-V, =5
then any plane through the line of intersection of these two planes is given by
V-(Vi+AVy)=r+Ais
where A is a scalar parameter. In particular A = £v, /v, yields the equation of the two planes bisecting the angle
between the given planes.
The plane through A parallel to the plane of V,, V3 is
V=V +rVy,+5s5V;
or (V=V)-V,xV;=0
or [VV2V3]—[ViV2V3]=0
so that the expansion in rectangular Cartesian coordinates yields
(x—a) =b) (E—c)|=0

a b2 (&)

a b3 I (V = xi+ yj+ zk)

which is obviously the usual linear equation in x, y and z.
The plane through 4B parallel to V3 is given by

[(V=V)(Vi = V2)V3] =0
or [VVaV3]—[VV V3] —[V,V,V3] =0
The plane through the three points 4, B and C is
V=V, +s(V2—=V)+1(Vs—V))
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or V=rVi+sV,+1tV; (r+s+t=1)
or  [(V=V)(Vi=V2)(V2 = V3)]=0
or  [VViVo]+[VVoV3]+ [VV5V] = [V V2 V3] =0
For four points 4, B, C, D to be coplanar, then
Vi+sVo+tVs+uVy=0=r+s+t+u
The following formulae relate to a sphere when the vectors are taken to lie in three dimensional space and to a

circle when the space is two dimensional. For a circle in three dimensions take the intersection of the sphere with a
plane.

The equation of a sphere with center O and radius O4 is
V.V=13l (notV=V))
or V-V)-(V+V)=0
while that of a sphere with center B radius v is
(V=V2)-(V=Va) =]
or  V-(V=2Vy) = -
If the above sphere passes through the origin then
V- (V=2Vy) =0
(note that in two dimensional polar coordinates this is simply)
r=2a-cosf
while in three dimensional Cartesian coordinates it is
X242 4+ 22 = 2(arx + byy + ¢2x) = 0.
The equation of a sphere having the points 4 and B as the extremities of a diameter is
V=V (V=V,)=0.
The square of the length of the tangent from C to the sphere with center B and radius v; is given by
(V3= V2)- (V3 = V2) =i
The condition that the plane V - V3 = s is tangential to the sphere (V — V3)- (V — V) =} is
(s—=V3:Vy)-(s=V;3-Vy) = v%v%.
The equation of the tangent plane at D, on the surface of sphere (V —V;)-(V—=V,) = v%, is
(V=V4)-(V4=V3)=0
or  V-Vy—Vy - (V+Vy) =1}

The condition that the two circles (V — V) - (V= V;) = vf and (V—=Vy)-(V=Vy) = v§ intersect orthogonally is
clearly

(Va2 = Vy)- (Va2 — Vo) =1} +12

The polar plane of D with respect to the circle
(V=V)-(V=-Vy) =1} is
V.Vi—Vy . (V+Vy) =1 —»3

Any sphere through the intersection of the two spheres (V — V2) - (V — V3) = v} and (V — Vg) - (V — Vy4) =3 is
given by

(V=V2)-(V=V2) + AV = Vg)- (V= Vs) =1} + 13
while the radical plane of two such spheres is

V. (Vo= Vy) = —1of —vi =3 +13)

Differentiation of Vectors
If Vi =aji+bij+ ik, and V, = api + byj + 2k, and if V| and V, are functions of the scalar #, then

d dv, dvV,
E(VI“‘VZ"P"' —7"1‘7“‘ P
dv d
where —lfﬁiJrﬂ +@k, etc

d v, dv,
E(V] Vz)—T'Vz-FVl v
d dv dv
E(lev2):—‘xvz+le7t2
v, d
dt —  dt



In particular, if V is a vector of constant length then the right hand side of the last equation is identically zero showing that V is
perpendicular to its derivative.
The derivatives of the triple products are

4 dv dv, dv

i[VleVﬂ = |:( 7 ]>V2Vw:| + [V1 <7>Vx] |:V|V2< d:)]

1 dv 1V v
and i{v] x (Vo x V3)} = (#) x (V2 x V3) + V| x ((‘(1—;) X V3> +V x (Vz X (ld:))

Geometry of Curves in Space

s=the length of arc, measured from some fixed point on the curve (fig. 3).

V| =the position vector of the point 4 on the curve

V. + 8V, =the position vector of the point P in the neighborhood of 4

t=the unit tangent to the curve at the point 4, measured in the direction of s increasing.

The normal plane is that plane which is perpendicular to the unit tangent. The principal normal is defined as the
1nlersect10n of the normal plane with the plane defined by V; and V; 4§V, in the limit as §V; —

i = the unit normal (principal) at the point 4. The plane defined by t and # is called the mculatmg plane (alternatively
plane of curvature or local plane).

p=the radius of curvature at A4.

86 = the angle subtended at the origin by §V.

=the unit binormal i.e. the unit vector which is parallel to € x i at the point A:
_the torsion of the curve at 4

s increasing

Frenet’s Formulae:

dj = K
ds
% =—«xt +2xb
d_
) ) ds
The following formulae are also applicable:
. A
Unit tangent f=""1
ds
Equation of the tangent (V-V)xt=0
or V=V, +gqt
~ lllzvl
Unit 1 =
nit norma h=- 3
Equation of the normal plane (V=V)-t=0
Equation of the normal (V=V)xn=0
or V=V, +m
Unit binormal b=txi
Equation of the binormal V-V x b=0
or V=V, + ub
dV] dZV]
or V= V1+w7>< 2
Equation of the osculating plane: (V- Vl)fﬁ] =0

o o))

A geodetic line on a surface is a curve, the osculating plane of which is everywhere normal to the surface.
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The differential equation of the geodetic is
[AdV d*V ] =0

Differential Operators—Rectangular Coordinates

as aS aS
dS=—-dx+—-dy+—-dz
ax e W
By definition
a il d
V=del=i—+j—+k—
SRR F Y
32 32 82
2 — T anlacian —
Vv =Laplac1an=W+ﬁ+@
If S is a scalar function, then
as aS as
VS = dS=—i+—j+—k
gra dxl+dyj+ =

Grad S defines both the direction and magnitude of the maximum rate of increase of S at any point. Hence the
name gradient and also its vectorial nature. VS is independent of the choice of rectangular coordinates.

where fi is the unit normal to the surface S =constant, in the direction of S increasing. The total derivative of S at a
point having the position vector V is given by (fig. 4)

as =54 av
on
=dV-VS

and the directional derivative of S in the direction of U is
U.vS=U-(VS)=(U-V)S
Similarly the directional derivative of the vector V in the direction of U is
U-V)vV
The distributive law holds for finding a gradient. Thus if S and T are scalar functions
VIS+T)=VS+VT
The associative law becomes the rule for differentiating a product:
V(ST) = SVT + TVS
If V is a vector function with the magnitudes of the components parallel to the three coordinate axes V,, V,, V_, then

W, v, av
V.-V=divV=—2 Y z
V= T T

The divergence obeys the distributive law. Thus, if V and U are vector functions, then
V- (V+U)=V-V+V.U
V-(SV)=(VS)-V+S(V-V)
V- UxV)=V-(VxU)—-U-(VxYV)
As with the gradient of a scalar, the divergence of a vector is invariant under a transformation from one set of

rectangular coordinates to another.
V x V = curl V(sometimes VAV or rot V)

_ vy v, i vV, 9V i+ v, _oVy X
ay 0z 0z ox x ay

i j Kk
g 9

Tlox oy ez
Ve y V.
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The curl (or rotation) of a vector is a vector which is invariant under a transformation from one set of rectangular
coordinates to another.
VxU+V)=VxU+VxV
Vx(SV)=(VS) xV+S(VxYV)
Vx(UxV)=(V-VYU-U-V)V+UV-V)-V(V-U)
grad(U-V)=V(U-V)
=(V-VVU+U-V)V+V x(VxU)+Ux(VxV)

If V="r,i+Vj+Vk
V-V=VV,-i+VV,-j+ VIV, -k
and VxV=VV,xi+VV, xj+VlV.xk
The operator V can be used more than once. The number of possibilities where V is used twice are
V- (V) = divgrad o
V x (V) = curl grad 6
V(V-V) =graddivV
V- (VxV)=divcurl V
V x (V x V) =curlcurl V

Thus: divgrad S = V- (V S) = Laplacian S = V2§
_ @S PSS PS
Toxz o o o2

curlgrad S = 0;
curlcurl V = graddivV — V2V;
diveurlV=0

Taylor’s expansion in three dimensions can be written
SV +e)=eVf(V)
where V =xi+yj+zk
and & = hi+ [j+ mk

(note the analogy with f, =e¢”"”f; in finite difference methods).
Orthogonal Curvilinear Coordinates
If at a point P there exist three uniform point functions u, v and w so that the surfaces u = const., v=const., and
w = const., intersect in three distinct curves through P then the surfaces are called the coordinate surfaces through P.
The three lines of intersection are referred to as the coordinate lines and their tangents a, b, and ¢ as the coordinate
axes. When the coordinate axes form an orthogonal set the system is said to define orthogonal curvilinear coordinates

at P.
Consider an infinitesimal volume enclosed by the surfaces u, v, w, u+du, v + dv, and w+ dw (fig. 5).

w

Figure 5.
The surface PRS = u = const., and the face of the curvilinear figure immediately opposite this is u + du = const.

etc.
In terms of these surface constants

P = P(u,v,w)
Q=0Q0w+du,v,w) and PQ = hidu
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R = R(u,v + dv,w) PR = hydv
S =S, v,w+ dw) PS = hydw
where /iy, hy, and &3 are functions of u, v, and w.
In rectangular Cartesians i, j, k
h] = 1, hz = 1, h3 =

3 .0 bao .9 T

K A
10w ox’ hy Oy Jay ’ hs ow oz

/11 =1, /1221', h3=1.

aoa .0 by ¢ o .0
=, —k—
hy ou or h2 o r 8¢ h; w 0z
In spherical coordinates f,u (i)
h=1, h=r, hy = rsin@
a9 _ .0 ba & R
hyou o’ hadv ™ r a0’ hydw ~ rsin@dg

The general expressions for grad, div and curl together with those for V> and the directional derivative are, in
orthogonal curvilinear coordinates, given by

43S bhas eas

VS=——+—— +—
h] u + hz v + hz ow

_1aS | 1238 | V338
V.V
( s 111 814 o hy v w h3 Bn

1
V.V= (177}!3 ) + (113/11 V) + *(/11/12 V3)

h h2h3

a b
v =——{—(h
xV Tl {Bv(h V3) — (hz Vz)} {8w( 1) = (hs V3)}
¢ [0
+m {a(thz) - 5(171 VI)}
1 hz/’l} EANY d /’l3h1 aS 111]’!2 oS
2 e hind
VS = hll’lzhg, { ( h] 8u> + 3\)( 112 BV) tow ow < h; 311’)}

FORMULAS OF VECTOR ANALYSIS

Rectangular Cylindrical coordinates Spherical coordinates
coordinates
Conversion to . o
rectangular x=rcosgp y—rsing z=z X =rcosgsinf y=rsingsinf
. z=rcosf
coordinates
Gradient ....... v =2L¢>_ % %k v 7@ l% v 3¢ 13¢ 1
¢ 8x1+3yl+8z ¢_dr rd<p¢ dz ¢= i +rsm€3<p¢
Divergence.... | y.A — 34, 04, 94 V.A— 19(rd,) i 1ode VoA lB(rZAr) n 1 9(Agsinb)
ax -y dz rodar 1 dp T2 o Trsing o
34. 1 84,
+—t
dz rsinf dp
Curl oo i k Lo Lk r 9 ¢
P P r r r?sin® rsing -
VA= B || VxA=|3 0 @ VxA=|2 3 @
4 o dp 0z or a0 ap
x ¥y z
. 1A, 2 A, rAg rA,siné
Laplacian...... 2. Yo o o 2 8¢ 199 V2 — 1o, ! sin6 %
v¢_@+3}7+§ Vo= rar\"or +78w2 ¢ 2ar\" o +r sm939 Eg
P 1 &9
v 4+
Tz 12 sin” 6 dg?
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Transformation of Integrals

s =the distance along some curve “C” in space and is measured from some fixed point.
S'=a surface area

V' =a volume contained by a specified surface

t=the unit tangent to C at the point P

n=the unit outward pointing normal

F=some vector function .

ds = the vector element of curve (= tds)

dS = the vector element of surface (= 1 dS)

Then / F-ids:/ F-ds
() ()
and when F=V¢

/<v¢)-ids:/ dé
() (¢)
Gauss’ Theorem (Green’s Theorem)

When S defines a closed region having a volume V'

(V-F)dV = (F-h)dS = F.ds
also ///W(V{b)/dfl(y://wqyﬁdfsﬁ " //m

and /./‘/(.")(VxF)dV:/‘/(;)(ﬁxF)dS

Stokes” Theorem
When C is closed and bounds the open surface S.

// A-(VxF)dS= [ F-ds
() [©]

also f (n x Vd))dS:/ ¢ds
() ()

Green’s Theorem
[/ (v¢.v9)ds=f/ ¢ﬁ.(v9)ds=f/ &(V20)dV
() (s) )

:/Aa.ﬁ(w)dsz/[/(vje(vzaﬁ)d'/
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MOMENT OF INERTIA FOR VARIOUS BODIES OF MASS

The mass of the body is indicated by m

Body

Axis

Moment of inertia

Body

Axis

Moment of inertia

Uniform thin rod
Uniform thin rod

The rectangular sheet, sides
aand b

Thin rectangular sheet, sides
a and b

Thin circular sheet of radius
r

Thin circular sheet of radius
r

Thin circular ring. Radii r,
r

Thin circular ring. Radii ry
and ro

Rectangular parallelopiped,
edges a, b, and ¢

Sphere, radius r

Spherical ~ shell, external
radius, ry, internal radius r,

Normal to the length, at one
end

Normal to the length, at the
center

Through the center parallel
toh

Through the center perpen-
m

dicular to the sheet

Normal to the plate through
the center

Along any diameter

Through center normal to
plane of ring

Any diameter

Through center perpendicu-
lar to face ab, (parallel to
edge ¢)

Any diameter

Any diameter

Spherical shell, very thin,
mean radius, r

Right circular cylinder of
radius r, length /

Right circular cylinder of
radius r, length /
Hollow circular cylinder,

length /, radii r, and r,

Thin cylindrical shell, length
[, mean radius, r

Hollow circular cylinder,
length /, radii r, and rp

Hollow circular cylinder,
length /, very thin, mean
radius

Elliptic cylinder, length /,
transverse semiaxes @ and b

Right cone, altitude A, radius
of base r

Spheroid  of  revolution,
equatorial radius r

Ellipsoid, axes 2a, 2b, 2¢

Any diameter
The longitudinal axis of
the solid

Transverse diameter

The longitudinal axis of
the figure

The longitudinal axis of
the figure

Transverse diameter

Transverse diameter

Longitudinal axis

Axis of the figure

Polar axis

Axis 2a
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Bessel Functions*
1. Bessel’s differential equation for a real variable x is
dy dy 2 2
p) +xa+(.x —n)y=0

* From Beyer, W. H., Ed., CRC Handbook of Mathematical Sciences, 5th ed., CRC Press, Boca Raton, 1978, 500-503. With
permission.

x?

2. When 7 is not an integer, two independent solutions of the equation are J,,(x), J_,(x), where
00 k n+2k

(=1 X
-5 el 0

() ;k!l"(n Thk+DH\2

3. If n is an integer J,(x) = (—1)"J,(x), where

= il + d +
T T E e ) 2 A+ D(n+2) 203+ D+ 2+ 3)

4. For n=0 and n=1, this formula becomes

X2 .\’4 .X6 X8
fb)=1- 2y T e T wen TraE T
X x3 XS X7 X9
N =3 tE s v v

5. When x is large and positive, the following asymptotic series may be used
2\2
b . b
Jo(x) = <R> {Po(x) cos (x - Z) — Qo(x) sm(x - Z>}

1
Ji(x) = <%)2{P|(x)cos<x —ZZTTC) - Ql(x)sin<x - %‘c)}

12.33+12-32-52-72 12.3%.57.72.92.112
21(8x)? 41(8x)* 61(8x)°
12 12‘32.52 12.32.52.72.92

-t
118x ° 31(8x)° 51(8x)°

12.3.5 12.32.52.7.9 12.32.52.72.92.11-13
Pi(x) ~1+ 5= T + 5 -+
21(8x) 41(8x) 6!(8x)

23012.32.5.7 12.32.52.72.9.11

!
L T T B 5I8x)°

where

Py(x) ~1—

Qo(x) ~

[In Py(x) the signs alternate from + to — after the first term]
6. If x > 25, it is convenient to use the formulas

Jo(x) = Ao(x)sinx + By(x)cos x
Ji(x) = Bi(x)sinx — 4;(x) cos x

where
Ao(x) = LIQO(X) and A(x)= L}QI(Y)
(mx)2 (nx)2
By(x) = w and B(x) = w
(mx)2 (mx)2

7. The zeros of Jo(x) and Ji(x)
If jos and jj; are the sth zeros of Jo(x) and J;(x) respectively, and if a=4,—1, b=4,+1

. 1 62 15,116 12,554,474  8,368,654,292
0. Zna{l R e R T R T L 315ml0410 }
1 {1 6 6 4716 3902418 895,167,324 }

w2h? bt 5méhS T 35mBhd 35m10p10

3
TiGios) (-1t 56 9664 7,381,280
S0 na% 3nta*  5mba®  21mdad

3
ToCits) (=122 24 19,584 2,466,720
OULs nb% ntb*  10moh° Tnd b8
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8. Table of zeros for Jy(x) and J;(x)

Jile)) =0 Jo(B)) =0

Roots Ti(@,) Roots To(B,)
an ﬂn
2.4048 0.5191 | 0.0000 1.0000
5.5201 | —0.3403 | 3.8317 | —0.4028
8.6537 0.2715| 7.0156 0.3001
11.7915 | —0.2325| 10.1735 | —0.2497
14.9309 0.2065 | 13.3237 0.2184
18.0711 | —0.1877| 16.4706 | —0.1965
21.2116 0.1733 | 19.6159 0.1801
9. Recurrence formulas
2n
In1 () + T (%) = —= () nJy(x) + xJ;,(x) = xJp-1(x)

n1(x) = Jup1(x) = 2J3(x)

10. If J, is written for J,(x) and Jﬁ,") is written for G
important ¥

1) = XT(6) = X1 (x)

{J.(x)}, then the following derivative relationships are

k

J(()r) — _JY—])

1 1
I =T +h :E(Jz —Jo)

1 2 1
(3) _ —
N —;Jo + <1 —E)Jl = Z(_J3 +3J1)
3 2 6
4) _
JO = (1 —x—2)10 - <}—X—3)J1

11. Half order Bessel functions
[2 .
X —sinx
3 X

2
—COos X
X

_ +l d — nJrl
J’H_%(x) =—x" 23{x ( Z)Jn%(x)}

1
g(.]4 —4J5 + 3Jp), etc.

J 1(x)=x" ("Jr%)

d 4l
n—% ${x ZJIH%(X)}

(S

(n;)%%%) )

n D)
( 2 J)Hr%(x)
0 sin x coS X
1 Siﬂ,cosx Y Gnx
2 3 . 3 3 3.
——1]sinx —=cosx — —1)cosx+=sinx
X X X X

(98]
T
A

6) . (15 >
——)sinx—|——1)cosx
X x*

etc.

15 6 15 .
—|—=——)cosx—(——1]sinx
X x X2

Y,(x) (also called Weber’s function, and sometimes denoted by N,(x))
H,(ql)(x) and Hflz)(x) (also called Hankel functions)
These solutions are defined as follows
Ju(x)cos (nm) — J_,(x)
sin (nm)
Jy(x)cos (v) — J_,(x)
sin (vm)

12. Additional solutions to Bessel’s equation are

n not an integer .
8T HO®) = J,(0) + 1Y)

Yn(x) =
Hr(IZ)('x) = Ju(x) = i¥u(x)

lim,_,, n an integer
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The additional properties of these functions may all be derived from the above relations and the known properties
of J,(x).
13. Complete solutions to Bessel’s equation may be written as

or c1Ju(x) + c2J_p(x) if n is not an integer

c1du(X) + 2 Yn(x)
or for any value of n
e HVx + 2 HO(x)
14. The modified (or hyperbolic) Bessel’s differential equation is

d&?
7d—x)2/+x——(x +n2)y =0

15. When 7 is not an integer, two independent solutions of the equation are 7,,(x) and 7_,(x), where

1 o\ 2k
I = Zk'l"(n+k+ 1)( )

16. If n is an integer,

x? x*

2N+ 22t Dn+2)

L(x)=1_,(x) = 2” '{1—&-

X6
+26-3!(n+1)(n+2)(n+3)+”'}

17. For N=0 and n=1, this formula becomes

4

X2 X XG

8

2 X
I(x)=1+ + + + + e
o) 22112 24217 26(31)% T 28(41)?
X3 x5 x7 X9
NO=3 4yttt st

18. Another solution to the modified Bessel’s equation is
1 I,,,(x) - In(x)

. ERW n not an integer
X) =
" i L 10 = 1) L
m-n—— n an integer
v—n 2 sin (vm)

This function is linearly independent of 7,(x) for all values of n. Thus the complete solution to the modified Bessel’s
equation may be written as

1 1y(x) + cad_p(x) n not an integer
or
e ly(x) + 2Ky (x) any n
19. The following relations hold among the various Bessel functions:
1i(2) = i7" J(iz)

Vo) = 0 2 — K )

Most of the properties of the modified Bessel function may be deduced from the known properties of J,(x) by use of
these relations and those previously given.
20. Recurrence formulas

hr® = 1t = 2009 @)+ hya(9) = 205

L) =L =60 L0 = L)+ 4G)
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The Gamma Function*®

00
Definition: T (n) = / le7ldt n>0
0

Recursion Formula: I'(n+ 1) =nl(n)
Fn+1)=n!, if n=0,1,2,...where 0! =1
For n < 0 the gamma function can be defined by using
r 1
() = (”TH

* From Beyer, W. H., Ed., CRC Handbook of Mathematical Sciences, 5th ed., CRC Press, Boca Raton, 1978,
484-485. With permission.

T(n+1)
) =———
="
Graph:
5 I'(n)
T T T T
L 4 |
L 3 |
L 2 |
L 1 |
~5|-4
p -3-2 -1 _11 2 3 45 n
L -2 .
L -3 .
L -4 .
1 S
Special Values: rd)=xn
1-3-5---2m—1
1"(m+%):+ﬁ m=1,23,...
(12" Jm
(- 1 — =1,2
(—m+3) T35 an-1 m=1,2,3,
Definition:
I'(x+1)= lim 1:2:3k IS

koo (x + 1) (x 4+2)- - (x + k)
ﬁ = xevxml_[:l {(1 +%)e’-"/’"‘l

This is an infinite product representation for the gamma function where y is Euler’s constant.

Properties:

00
r'da) = / e Inxdx=—y
0

r'(x) 11 11 1 1
o= () ) )

! 139
B o] L __19
Ty + 1) = v2mx e {1+12x+288x2 518400 }

This is called Stirling’s asymptotic series.

If we let x=n a positive integer, then a useful approximation for n! where n is large (e.g., n > 10) is given by
Stirling’s formula

nl &~ 2nnn’e™"
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The Gamma Function*
Values of I'(n) = / e X"V dx; T(n + 1) = nl'(n)
0

n T'(n) n I'(n) n I'(n) n T'(n)
1.00 1.00000 1.25 0.90640 1.50 .88623 1.75 91906
1.01 99433 1.26 .90440 1.51 .88659 1.76 92137
1.02 98884 1.27 .90250 1.52 .88704 1.77 92376
1.03 98355 1.28 .90072 1.53 .88757 1.78 92623
1.04 97844 1.29 .89904 1.54 .88818 1.79 92877
1.05 97350 1.30 .89747 1.55 .88887 1.80 93138
1.06 96874 1.31 .89600 1.56 .88964 1.81 93408
1.07 96415 1.32 .89464 1.57 .89049 1.82 93685
1.08 95973 1.33 .89338 1.58 .89142 1.83 193969
1.09 95546 1.34 .89222 1.59 .89243 1.84 94261
1.10 95135 1.35 89115 1.60 89352 1.85 94561
1.11 94740 1.36 .89018 1.61 .89468 1.86 94869
1.12 94359 1.37 .88931 1.62 .89592 1.87 95184
1.13 93993 1.38 .88854 1.63 .89724 1.88 95507
1.14 93642 1.39 .88785 1.64 .89864 1.89 95838
1.15 93304 1.40 88726 1.65 90012 1.90 96177
1.16 92980 1.41 .88676 1.66 90167 1.91 96523
1.17 92670 1.42 .88636 1.67 .90330 1.92 96877
1.18 92373 1.43 .88604 1.68 .90500 1.93 97240
1.19 92089 1.44 88581 1.69 90678 1.94 97610
1.20 91817 1.45 .88566 1.70 90864 1.95 97988
1.21 91558 1.46 .88560 1.71 91057 1.96 98374
1.22 91311 1.47 .88563 1.72 91258 1.97 98768
1.23 91075 1.48 .88575 1.73 91466 1.98 99171
1.24 90852 1.49 88595 1.74 91683 1.99 99581

2.00 1.00000

* For large positive values of x, I'(x) approximates Stirling’s asymptotic series

g 2T R 139 ST
X 12x ' 288x?  51840x3  2488320x*




. The Beta Function*
Definition: B(m,n) = f N1 = " de m=>0,n>0
0

Relationship with

) L(m)['(n)

Fi : Bl =—_—

Gamma Function: B(m,n) T(m + 1)
Properties: B(m,n) = B(n,m)

/2
B(m,n) = 2/ sin®" ' 9 cos¥ ' 6.do
0

00 lm—l
B(m,n) = ——dt
(m n) /0 (1 + l)m+n

1 tm—](] _ t)n—l

B(m, ”) = l‘”(l‘ + 1)’” (V + f)"1+n

dt



The Error Function
2 [ .
Definition: erf(x)=—= [ e "dt
o

3 5 7
Series: erf(x)= ol Lx Lx )

2
ﬁ(‘ 3 tas Tt
Property: erf(x)=—erf(—x)

X 1 b
Relationship with Normal Probability Function f(t): / f()dt = 56ij(%>
0

To evaluate erf (2.3), one proceeds as follows: Since % =12.3, one finds x = (2.3) (+/2) = 3.25. In the normal

probability function table (page A-104), one finds the entry 0.4994 opposite the value 3.25. Thus erf (2.3)=
2(0.4994) =0.9988.

erfe(z)=1—erf(z) :\/ir_[foo e dt

is known as the complementary error function.



Orthogonal Polynomials*
I

Name: Legendre Symbol: P,(x) Interval: [—1, 1]
Differential Equation: (1 — x*)y" —2xy' 4+ n(n+ 1)y =0
= Pn(x)

1A 2n —2m 5
Explicit Expression: P,(x) = 52( n" ( >< B > n—2m

m=0

Recurrence Relation: (n+ 1)P,41(x) = 2n + 1)xP,(x) — nP,_;(x)

Weight: 1 Standardization: P,(1)=1

+1 b
Norm: /4 [P,Y(x)]zd)c:zn—_i_1
1" d"

1—> 2\n
2'n! dx" (=7

Rodrigues’ Formula: P,(x) =

o0
Generating Function: R = ZP,,(x)z”; —l<x<l1, |7 <1,
n=0

R=+1—-2xz+z22
Inequality: |P,(x)| <1, —1<x<1.

I
Name: Tschebysheft, First Kind Symbol: T,(x) Interval:[—1, 1]

Differential Equation: (1 —x*)y —xy +n*y =0
y=Ty(x)

L2 o

Explicit Expression: — Z (- E— "

m (2, Y2 = cos (narccos x) = Ty(x)

Recurrence Relation: Tyi1(x) = 2xT,(x) — Ty—1(x)
Weight: (1 — xz)_l/2 Standardization: T,(1) =1

n/2, n#0

+1
. _ 212 2 g
Norm: 1 (1 = x°) [ Tu(x)] dx = { T n=0

(—1)”(1 _x2)l/2ﬁ e
24T+ der

1 —
# ZT,,(Y)A,—1<X<1 lzl <1

Rodrigues’ Formula: {1 =)0y = T,,(x)

Generating Function:

Inequality: |T,(x)| <1, —1<x<1.

I

Name: Tschebysheff, Second Kind  Symbol: U,(x) Interval: [—1, 1]
Differential Equation: (1 —x*)y" —3x)y + n(n +2)y=0

= U)I(x)
[n/2] )
Explicit Expression: Uy(x) = Z(f )"’ o) (2x)"2m
m=0
1
Uy (cos6) = w

sin 6

* From Beyer, W. H., Ed., CRC Handbook of Mathematical Sciences, 5th ed., CRC Press, Boca Raton, 1978, 557
560. With permission.
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Recurrence Relation: Uy,y1(x) = 2xU,(x) — Uy,—1(x)
Weight: (1 —x»)'?  Standardization: U,(1) =n+ 1

+1 .
Norm: / 1 = AU x)Pdx = 3

-1
Rodrigues’ Formula: U,(x) = ED'mt+Dyn d (1 — X2yt

1/2~n n
(1 —x2)22mH1 (1 + 3) dx

00
:ZUn(x)z”,—l,<x<1, lz] < 1

1
Generating Function: ———
g 1 —2xz+ 22 pr

Inequality: |\Uy(x)| <n + 1, =1 <x<1.
v
Name: Jacobi  Symbol: P,(f"m(x) Interval: [—1, 1]
Differential Equation:
=X +[B—a—(@+B+2)x]y +n(n+a+p+1)y=0
y=PAx)
Explicit Expression: P“P(x) = 1 i (n + a> < n+p )(x —D""(x+ D"

" m n—m
m=0

Recurrence Relation: 2n+D(n+a+B+1)Qn+a+ ﬂ)PSﬁ;fj)(X)
=Qn+at+B+ D@ —p)+Qn+a+p+2)
x (2n 4 a + B)x]P*P(x)

=2+ a)(n+ B (2n+a+ B+ 2P ()

n—1

Weight: (1 — x)*(1 + x)’; a0, > 1 Standardization: P®P(x) = <n : a)

+1 22t M+ a+ DI+ B+ 1)
me ) A\Br1 pla, ) 2 _
Norm. /,. (1 ="+ 07PF ) dx_(2n+a+,3+ Dall(n+a+ B+ 1)

(_ 1 )n d"
21l(1 — x)*(1 + x)P dx”

Rodrigues’ Formula: Pfl“ P(x) = (1 — x)y"™(1 4 x)"+P)

[e¢]
Generating Function: R —z+R (1 +z+RF = ZZ’“"’PS’"“)(X)Z",

n=0
R=vV1-2xz+22, |z| <1

<n:q)~n‘1 if ¢ =max (o, B) = —1

PeD(X) ~n V2 if g < —1
Inequality: max |p’(lﬂtvﬂ)(x)| _ ‘ n ()1 q | 3 |
T X" is one of the two maximum points nearest

B
a+p+1
A%
Name: Generalized Laguerre  Symbol: L,(f"(x) Interval: [0, 0o]
Differential Equation: Xy +(@+1-=x)y +ny=0
y =L
n
.. e (@) g nta) 1l o,
Explicit Expression: L\ (x) = ,;)( 1) (n _ m) p X
Recurrence Relation: (n+ )L™ + 1(x) = [2n+a + 1) — X][L®(x) — (1 + ) L@ — 1(x)
—1)
Weight: x*¢ ", a > —1  Standardization: L(,,“)(x) = %x" + -
o0 r 1
Norm: / x“e‘“‘[Lff‘)(x)]zdx = (n-i-n;?t-i-)
0 !
@ d*
: ’ - . o _ n+o ,—x
Rodrigues’ Formula: L, (x) = g {X"%e™}
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) Z L(“)(x)z”

Generating Function: (1 —z)™%" ! exp(

n=0
Inequality: ILO(x)] < Ftatl) .p x20
" ~ nl(a+1) Toa>0
MNa+n+1) x>0
(a) .
|L9(x)| < [ W@t 1) } b w0

Orthogonal Polynomials
Name: Hermite Symbol: H,(x) Interval: [—o00,00]
Differential Equation: y" —2xy 4+ 2ny =0
[n/2] m n—2m
1)"n!(2:
Explicit Expression: H,(x) = mzo( m)' (:E ;’L)'
Recurrence Relation: H,.(x) = 2xH,(x) — 2nH,_(x)
Weight: e~ Standardization: H,(1) =2"x" + - - -
00
2 2
Norm: / e [Hy(x)] dx = 2"nl\/n
—00

Rodriques’ Formula: H,(x) = (—1)"e 2
o0

(67‘ )
Generating Function: ¢~ 2% ZH”(x)

Inequality: |H,(x)| < e"z/sz"P\/—v! k ~1.086435



NORMAL PROBABILITY FUNCTION

Areas under the Standard Normal Curve from 0 to z

0 z
z 0 1 2 3 4 N 6 7 8 9
0.0 0000 0040 0080 0120 0160 0199 0239 0279 0319 0359
0.1 0398 0438 0478 0517 0557 0596 0636 0675 0714 0754
0.2 0793 0832 0871 0910 10948 0987 1026 1064 1103 1141
0.3 1179 1217 1255 1293 1331 1368 1406 1443 1480 1517
0.4 1554 1591 1628 1664 1700 1736 1772 1808 1844 1879
0.5 1915 1950 1985 2019 2054 2088 2123 2157 2190 2224
0.6 2258 2291 2324 2357 2389 2422 2454 2486 2518 2549
0.7 2580 2612 2652 2673 2704 2734 2764 2794 2823 2852
0.8 2881 2910 2939 2967 2996 3023 3051 3078 3106 3133
0.9 3159 3186 3212 3238 3264 3289 3315 3340 3365 3389
1.0 3413 3438 3461 3485 3508 3531 3554 3577 3599 3621
1.1 3643 3665 3686 3708 3729 3749 3770 3790 3810 3830
12 3849 3869 3888 3907 3925 3944 3962 3980 3997 4015
1.3 4032 4049 4066 4082 4099 4115 4131 4147 4162 4177
1.4 4192 4207 4222 4236 4251 4265 4279 4292 4306 4319
1.5 4332 4345 4357 4370 4382 4394 4406 4418 4429 4441
1.6 4452 4463 4474 4484 4495 4505 4515 4525 4535 4545
1.7 4554 4564 4573 4582 4591 4599 4608 4616 4625 4633
1.8 4641 4649 4656 4664 4671 4678 4686 4693 4699 4706
1.9 4713 4719 4726 4732 4738 4744 4750 4756 4761 4767
2.0 4772 4778 4783 4788 4793 4798 4803 4808 4812 4817
2.1 4821 4826 4830 4834 4838 4842 4846 4850 4854 4857
22 4861 4864 4868 4871 4875 4878 4881 4884 4887 4890
2.3 4893 4896 4898 4901 4904 4906 4909 4911 4913 4916
2.4 4918 4920 4922 4925 4927 4929 4931 4932 4934 4936
2.5 4938 4940 4941 4943 4945 4946 4948 4949 4951 4952
2.6 4953 4955 4956 4957 4959 4960 4961 4962 4963 4964
2.7 4965 4966 4967 4968 4969 4970 4971 4972 4973 4974
2.8 4974 4975 4976 4977 4977 4978 4979 4979 4980 4981
29 4981 4982 4982 4983 4984 4984 4985 4985 4986 4986
3.0 4987 4987 4987 4988 4988 4989 4989 4989 4990 4990
3.1 4990 4991 4991 4991 4992 4992 4992 4992 4993 4993
32 4993 4993 4994 4994 4994 4994 4994 4995 4995 4995
33 4995 4995 4995 4996 4996 4996 4996 4996 4996 4997
3.4 4997 4997 4997 4997 4997 4997 4997 4997 4997 4998
35 4998 4998 4998 4998 4998 4998 4998 4998 4998 4998
3.6 4998 4998 4999 4999 4999 4999 4999 4999 4999 4999
3.7 4999 4999 4999 4999 4999 4999 4999 4999 4999 4999
38 4999 4999 4999 4999 4999 4999 4999 4999 4999 4999
39 5000 5000 5000 5000 5000 5000 5000 5000 5000 5000
F(z) below refers to area under Standard Normal Curve from —oo to z
z 1.282 1.645 1.960 2.326 2.576 3.090
F(z) 90 .95 975 99 995 999
2l - F2)] 20 10 05 02 01 002
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PERCENTAGE POINTS, STUDENT’S -DISTRIBUTION

This table gives values of ¢ such that

t l_,(n + 1) .
F(t):/ 72,,(1 +x—) —”erl dx
V(G
for n, the number of degrees of freedom, equal to 1,2, ..., 30,40, 60, 120, co; and for F(r) = 0.60, 0.75, 0.90, 0.95,
0.975, 0.99, 0.995, and 0.9995. The ¢-distribution is symmetrical, so that F(—¢) = 1 — F(¢)
n\F .60 75 90 95 975 99 995 9995
325 1.000 3.078 6.314 12.706 31.821 63.657 636.619

1
2 .289 816 1.886 2.920 4.303 6.965 9.925 31.598
3 277 765 1.638 2.353 3.182 4.541 5.841 12.924
4 271 741 1.533 2.132 2.776 3.747 4.604 8.610
5 267 127 1.476  2.015 2.571 3.365 4.032 6.869
6 .265 718 1.440 1.943 2.447 3.143 3.707 5.959
7 .263 11 1.415 1.895 2.365 2.998 3.499 5.408
8 262 706 1.397 1.860 2.306 2.896 3.355 5.041
9 .261 703 1.383 1.833 2.262 2.821 3.250 4.781
10 .260 700 1.372 1.812 2.228 2.764 3.169 4.587
11 .260 .697 1.363 1.796 2.201 2.718 3.106 4.437
12 .259 .695 1.356 1.782 2.179 2.681 3.055 4318
13 .259 .694 1.350 1.771 2.160 2.650 3.012 4221
14 258 .692 1.345 1.761 2.145 2.624 2977 4.140
15 .258 .691 1.341 1.753 2.131 2.602 2.947 4.073
16 258 .690 1.337 1.746 2.120 2.583 2.921 4.015
17 257 .689 1.333 1.740 2.110 2.567 2.898 3.965
18 257 .688 1.330 1.734 2.101 2.552 2.878 3.922
19 257 .688 1.328 1.729 2.093 2.539 2.861 3.883
20 257 .687 1.325 1.725 2.086 2.528 2.845 3.850
21 257 .686 1.323 1.721 2.080 2.518 2.831 3.819
22 256 .686 1.321 1.717 2.074 2.508 2.819 3.792
23 .256 .685 1.319 1.714 2.069 2.500 2.807 3.767
24 .256 .685 1.318 1.711 2.064 2.492 2.797 3.745
25 .256 .684 1.316 1.708 2.060 2.485 2.787 3.725
26 .256 .684 1.315 1.706 2.056 2.479 2.779 3.707
27 .256 .684 1.314 1.703 2.052 2.473 2.771 3.690
28 .256 .683 1.313 1.701 2.048 2.467 2.763 3.674
29 .256 .683 1.311 1.699 2.045 2.462 2.756 3.659
30 .256 .683 1.310 1.697 2.042 2.457 2.750 3.646
40 255 .681 1.303 1.684 2.021 2.423 2.704 3.551
60 254 .679 1.296 1.671 2.000 2.390 2.660 3.460
120 254 677 1.289 1.658 1.980 2.358 2.617 3.373
00 253 .674 1.282 1.645 1.960 2.326 2.576 3.291

* This table is abridged from the “Statistical Tables” of R. A. Fisher and Frank Yates
published by Oliver & Boyd. Ltd., Edinburgh and London, 1938. It is here published with
the kind permission of the authors and their publishers.



PERCENTAGE POINTS, CHI-SQUARE DISTRIBUTION
This table gives values of x> such that
o [F 1
o 2:[(n/2)
for n, the number of degrees of freedom, equal to 1,2, ...,30. For n > 30, a normal approximation is quite accurate.

The expression v/2x2 — +/2n — 1 is approximately normally distributed as the standard normal distribution. Thus x2,
the a-point of the distribution, may be computed by the formula

X% = oo + 21— 17,

where x, is the a-point of the cumulative normal distribution. For even values of n, F(x?) can be written as

X=1 _jqx
e
1= F() =)

¢!
=0 X!

with A =1x? and x' =1n. Thus the cumulative Chi-Square distribution is related to the cumulative Poisson
2 b
distribution.
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Another approximate formula for large n

n = degrees of freedom
z, = the normal deviate (the value of x for which F(x) = the desired percentile).

2

Xy =n(1-

2

3
2

On 9n

X

1.282

1.645

1.960

2.326

2.576

3.090

F(x)

.90

95

975

99

995

999

x50 = 60[1 — 0.00370 + 2.326(0.06086)]° = 88.4 is the 99th percentile for 60 degrees of freedom.

2

X
FOO) = / 1 X g
211/21’*(_)
2

Fl 005 010 025 050 1100 250 500 750 900 950 975 990 995
1 0000393 | .000157| 000982 00393 | 0158 102 455 132 271 384 5.02 6.63 7.88
2 0100 0201 0506 103 211 575 1.39 277 4.61 5.99 7.38 921 10.6
3 0717 115 216 352 584 121 237 411 6.25 781 9.35 113 12.8
4 207 297 484 711 1.06 1.92 336 5.39 7.78 9.49 1.1 133 14.9
5 412 554 831 115 1.61 267 435 6.63 924 111 12.8 15.1 16.7
6 676 872 1.24 1.64 220 3.45 535 7.84 10.6 12.6 14.4 16.8 18.5
7 989 1.24 1.69 217 283 425 635 9.04 12,0 14.1 16.0 18.5 20.3
8 | 134 1.65 218 273 349 5.07 7.34 10.2 13.4 155 17.5 20.1 220
9 | 173 2.09 270 333 417 5.90 8.34 11.4 14.7 16.9 19.0 217 236
10 | 216 256 3.25 394 487 6.74 934 12.5 16.0 183 20.5 232 252
1| 260 3.05 382 457 5.58 7.58 10.3 13.7 17.3 19.7 219 247 268
12 | 307 3.57 4.40 5.23 6.30 8.44 1.3 14.8 18.5 210 233 26.2 283
13 | 357 411 5.01 5.89 7.04 9.30 12.3 16.0 19.8 24 247 277 2938
14 | 407 466 5.63 6.57 7.79 10.2 13.3 17.1 211 237 26.1 29.1 313
15 | 460 5.23 626 7.26 8.5 1.0 14.3 18.2 23 25.0 275 30.6 32.8
16 | 514 5381 691 7.96 931 11.9 15.3 19.4 235 26.3 28.8 320 343
17 | 570 6.41 7.56 8.67 10.1 12.8 16.3 20.5 248 27.6 30.2 334 357
18 | 626 7.01 8.23 9.39 10.9 13.7 17.3 216 26.0 289 315 3438 372
19 | 684 7.63 8.91 10.1 1.7 14.6 18.3 27 272 30.1 329 36.2 38.6
20 | 743 8.26 9.59 10.9 12.4 15.5 19.3 238 28.4 314 342 37.6 40.0
21 | 803 8.90 10.3 11.6 132 16.3 20.3 249 2.6 327 355 38.9 414
2 | 864 9.54 11.0 123 14.0 17.2 213 26.0 30.8 339 36.8 40.3 4238
23 | 9.26 10.2 1.7 13.1 148 18.1 2.3 27.1 32.0 352 38.1 416 442
24 | 989 10.9 124 13.8 157 19.0 233 28.2 332 36.4 39.4 430 45.6
25 | 105 115 13.1 14.6 16.5 19.9 243 29.3 344 377 40.6 443 46.9
2 | 112 122 138 15.4 173 20.8 25.3 30.4 35.6 38.9 419 45.6 483
27 | 118 12.9 14.6 16.2 18.1 217 26.3 315 36.7 40.1 432 47.0 49.6
28 | 125 13.6 153 16.9 18.9 27 27.3 326 37.9 413 445 483 51.0
29 | 131 143 16.0 17.7 19.8 236 283 337 39.1 426 457 49.6 523
30 | 138 15.0 16.8 18.5 20.6 24.5 29.3 34.8 40.3 438 47.0 50.9 537
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PERCENTAGE POINTS, F-DISTRIBUTION

This table gives values of F such that

. F(m + n)
F(F) — / m72,1”1)ﬂ/2n11/2x(m72)/2(n 4 mx)—(m+n)/2dx
r3)rG)
2 2
for selected values of m, the number of degrees of freedom of the numerator of F; and for selected values of n, the
number of degrees of freedom of the denominator of F. The table also provides values corresponding to F(F)=.10,
.05, .025, .01, .005, .001 since F)_, for m and n degrees of freedom is the reciprocal of F, for n and m degrees of
freedom. Thus
1 1

— =164

Fosh D) =578~ 609
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F(F) = /0

m+n)

(T

r;)r6)

mm/2nn/2xm/27l(n + mx)—(l11+n)/2dx - 90

n n 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 s3]
T [ 3986 | 49.50 | 53.59 | 55.83 | 57.24 | 5820 | 58.91 | 59.44 | 59.86 | 60.19 | 60.71 | 61.22 | 61.74 | 62.00 | 62.26 | 62.53 | 62.79 | 63.06 | 63.33
2 8.53 9.00 9.16 9.24 9.29 9.33 9.35 9.37 9.38 9.39 9.41 9.42 9.44 9.45 9.46 9.47 9.47 9.48 9.49
3 5.54 5.46 5.39 5.34 5.31 5.28 5.27 5.25 5.24 523 522 5.20 5.18 5.18 517 5.16 5.15 5.14 5.13
4 4.54 4.32 4.19 4.11 4.05 4.01 3.98 3.95 3.94 3.92 3.90 3.87 3.84 3.83 3.82 3.80 3.79 3.78 3.76
5 4.06 3.78 3.62 3.52 3.45 3.40 3.37 3.34 3.32 3.30 3.27 3.24 3.21 3.19 3.17 3.16 3.14 3.12 3.10
6 3.78 3.46 3.29 3.18 3.11 3.05 3.01 2.98 2.96 2.94 2.90 2.87 2.84 2.82 2.80 2.78 2.76 2.74 272
7 3.59 3.26 3.07 2.96 2.88 2.83 2.78 2.75 272 2.70 2.67 2.63 2.59 2.58 2.56 2.54 2.51 2.49 247
8 3.46 3.11 2.92 2.81 2.73 2.67 2.62 2.59 2.56 2.54 2.50 2.46 242 2.40 2.38 2.36 2.34 232 229
9| 336 | 301 | 281 | 269 | 261 | 255| 251 | 247 | 244 | 242 | 238 | 234 | 230 | 228 | 225| 223 | 221 218 | 216

10 3.29 2.92 2.73 2.61 2.52 2.46 2.41 2.38 235 2.32 2.28 224 2.20 2.18 2.16 2.13 2.11 2.08 2.06
11 3.23 2.86 2.66 2.54 2.45 2.39 2.34 2.30 2.27 2.25 221 2.17 2.12 2.10 2.08 2.05 2.03 2.00 1.97
12 3.18 2.81 2.61 248 2.39 2.33 2.28 2.24 221 2.19 2.15 2.10 2.06 2.04 2.01 1.99 1.96 1.93 1.90
13 3.14 2.76 2.56 2.43 2.35 2.28 223 2.20 2.16 2.14 2.10 2.05 2.01 1.98 1.96 1.93 1.90 1.88 1.85
14 3.10 2.73 2.52 2.39 2.31 2.24 2.19 2.15 2.12 2.10 2.05 2.01 1.96 1.94 1.91 1.89 1.86 1.83 1.80
15 3.07 2.70 2.49 2.36 2.27 221 2.16 2.12 2.09 2.06 2.02 1.97 1.92 1.90 1.87 1.85 1.82 1.79 1.76
16 3.05 2.67 2.46 2.33 2.24 2.18 2.13 2.09 2.06 2.03 1.99 1.94 1.89 1.87 1.84 1.81 1.78 1.75 1.72
17 3.03| 264 | 244 | 231 222 215| 210 | 206 | 203 | 200 | 196 | 191 | 1.86 | 1.84 | 181 | 178 | 1.75| 172 | 1.69
18| 301 | 262 | 242| 229 220 | 213 | 208 | 204 | 200 | 198 | 1.93| 1.89 | 1.84 | 181 | 178 | 1.75| 1.72| 1.69 | 1.66
19 299 | 261 | 240 | 227 | 238 | 211 | 206 | 202 | 198 | 196 | 1.91| 186 | 1.81 | 1.79| 176 | 1.73| 170 | 1.67 | 1.63
20| 297 | 259 | 238 | 225| 216 | 209 | 204 | 200 | 196 | 194 | 1.89 | 184 | 179 | 177 | 174 | 171 | 1.68 | 164 | 1.61
21 2.96 2.57 2.36 2.23 2.14 2.08 2.02 1.98 1.95 1.92 1.87 1.83 1.78 1.75 1.72 1.69 1.66 1.62 1.59
22| 295 | 256 | 235| 222 213 | 206 | 201 | 197 | 193] 190 | 186 | 181 | 176 | 1.73| 170 | 1.67 | 1.64 | 160 | 1.57
23| 294 | 255 234 | 221 211 | 205| 199 | 1.95| 192 1.89 [ 1.84| 180 | 174 | 1.72| 1.69 | 166 | 1.62| 159 | 1.55
24 2.93 2.54 233 2.19 2.10 2.04 1.98 1.94 1.91 1.88 1.83 1.78 1.73 1.70 1.67 1.64 1.61 1.57 1.53
25| 292 253 232 218 | 209 | 202 | 197 | 193 | 1.8 | 187 | 1.82| 177 | 172 | 1.69 | 1.66 | 1.63| 1.5 | 156 | 1.52
26 | 291 | 252 231 217 | 208 | 201 | 196 | 192 | 1.88 | 1.86 | 1.81| 176 | 171 | 168 | 1.65| 161 | 1.58 | 154 [ 1.50
27| 290 | 251 230 | 217 | 207 | 200 | 195 | 191 | 1.87 | 1.85| 1.80| 1.75| 170 | 1.67 | 1.64 | 1.60 | 1.57 | 1.53 | 1.49
28 2.89 2.50 2.29 2.16 2.06 2.00 1.94 1.90 1.87 1.84 1.79 1.74 1.69 1.66 1.63 1.59 1.56 1.52 1.48
29 2.89 2.50 2.28 2.15 2.06 1.99 1.93 1.89 1.86 1.83 1.78 1.73 1.68 1.65 1.62 1.58 1.55 1.51 1.47
30| 288 | 249 | 228 | 214 | 205 | 198 | 1.93| 188 | 1.85| 182 | 177 | 172 1.67 | Le4 | 161 | 157 | 154| 1.50 | 146
40 | 284 | 244 223 | 209 | 200 | 1.93| 187 | 183 | 179 | 176 | 171 | 166 | L6l | 157 | 1.54| 151 | 147 | 142| 138
60 2.79 2.39 2.18 2.04 1.95 1.87 1.82 1.77 1.74 1.71 1.66 1.60 1.54 1.51 1.48 1.44 1.40 1.35 1.29
120 2.75 2.35 2.13 1.99 1.90 1.82 1.77 1.72 1.68 1.65 1.60 1.55 1.48 1.45 1.41 1.37 1.32 1.26 1.19
oo 2.71 2.30 2.08 1.94 1.85 1.77 1.72 1.67 1.63 1.60 1.55 1.49 1.42 1.38 1.34 1.30 1.24 1.17 1.00
S% Sl Sz 2 2 . . . . 2
F =—=—/—,where s; = S;/m and s5 = S»/n are independent mean squares estimating a common variance o~ and based on
55 m n
2

and n degrees of freedom, respectively.

F(F) = /OF

r (m + n)
2 mm/2nn/2xm/2—] (I’l + mx)—(rn+71)/2dx — 95

(GG

m

N 2 3 4 5 6 7 8 9 10 | 12 | 15 | 20 | 24 | 30 | 40 | 60 [ 120 | o0
1 [161.4 [1995 [215.7 2246 |230.2 |234.0 |236.8 [2389 |240.5 |2419 |2439 |2459 |248.0 |249.1 |250.1 |251.1 |2522 |253.3 |254.3
2| 1851| 19.00] 19.16] 1925] 1930] 19.33] 1935] 1937 | 1938| 19.40| 19.41| 19.43| 19.45| 19.45| 19.46| 19.47| 19.48| 19.49| 19.50
3| 1003 955 9.28| 912| 9.01| 894| 889| 885| 881 879 874| 870| 8.66| 864| 862| 859 857| 855 853
4| 77| 694| 659 639 626| 616 609 6.04| 600| 596 591| 586| 580| 577| 575\ 572 5.69| 566| 563
s| 66| 579 s41| s519| s505| 495 488 482| 477| 474| 468| 4.62| 456| 453 4.50| 446| 443 440| 436
6| 59| s14| 476| 453| 439| 428| 421 415| 410 406| 400| 394 3.87| 384| 381 377| 3.74| 370| 3.67
7| s559| 474| 43s| 42| 397| 387| 379| 3.73| 3.68| 3.64| 3.57| 351 344 341| 338[ 334| 330 327 3.3
8| 532| 4d46| 407| 384 369| 3.58| 350| 344| 339 335| 328| 3.22| 35| 312| 3.08[ 304| 301| 297 293
9| sa12| 426| 386| 3.63| 348| 3.37| 329| 323| 38| 3.14| 307| 301 294| 290| 286 283| 279| 275 271
10| 496| 410 371| 348| 333| 322| 34| 3.07| 3.02| 298| 291| 285 277| 274 270| 266| 262| 258| 2.54

11| 484 398| 3.59| 336 320 3.09| 301 295 290| 285 279| 272| 265 261| 257| 253 249| 245| 240
12| 475| 389 3.49| 326 11| 300 291 285| 280| 275 269| 262| 254| 251| 247| 243| 238 234| 230
13| 467| 381| 341 318| 3.03| 292| 283 277| 271| 267| 260| 253| 246| 242| 238| 234| 230 225| 221
14| 460| 374 334 311| 296| 285 276 270 | 265 260| 253 246| 239 235 231| 227| 222 28| 213
15| 454| 368| 329 306 29| 279| 271| 264| 259| 254| 248| 240| 233 220| 225| 220| 216[ 2.11| 207
16| 449| 3.63| 324 301| 285 274| 266| 2.59| 254| 249| 242| 235| 228( 224 219| 215 211| 206| 201
17| 445 359 320 296| 281 270| 261| 255| 249| 245 238| 231| 223 219| 215| 210| 206 201| 1.9
18| 441| 355 316| 293 277| 266| 2.58| 251 | 246| 241] 234 227| 219| 215 211| 206 202| 197 192
19| 438| 352| 313 290| 274| 263 2.54| 248 242 238| 231 223 216| 211| 207| 203| 198 193] 1.8
20| 435 349| 3.10| 287| 271 260| 251| 245| 239| 235 228| 220| 212| 208| 204 199 195 190| 184
21| 432| 347| 307| 284| 268[ 257| 249| 242 237| 232| 225 218| 210| 205 201| 196 192 1.87| 181
22| 430| 344| 305| 282| 266| 255| 246| 240 | 234| 230| 223| 215| 207| 203| 198 194 1.89| 184| 1.78
23| 428| 342| 303| 280| 264 253| 244| 237| 232 227 220| 213| 205 201| 196| 191 18| 181 176
24| 426| 340| 301| 278| 262 251| 242| 236| 230| 225 28| 211| 203| 1.98| 194| 189 1.84| 1.79| 1.73
25| 424| 339 299| 276| 260( 249| 240| 2.34| 228| 224| 216 209| 201| 196| 192 187 18| 177| 171
26| 423 337| 298| 274| 259| 247| 239| 232 227| 222| 245 207| 199 195 190| 185 180 1.75| 1.69
27| 421| 335| 296| 273| 257 246| 237| 231 225 220 213| 206| 197| 193] 188| 184] 179| 173| 1.67
28| 420 334| 295\ 271| 256| 245 236| 229 224| 219 212| 204| 196| 191| 187| 182 177| 1.71| 165
29| 418| 333 293| 270| 255 243| 235| 228 222| 218 20| 203| 194 190| 185 181 175 170| 164
30| 417 332| 292| 269| 253| 242| 233 227| 221| 216 209| 201| 1.93| 189 184 179| 1.74| L68| 162
40| 408| 323 284 261| 245 234| 225 28| 212 208| 200 192| 184| 1.79| 1.74| 169 lLe4| 1.58| 151
60| 400| 3.5 276| 253| 237 225| 217| 210| 204| 199 192| 184| 175 170| 165 1.59| 1.53| 147| 139
120 | 392 307| 268 245 229| 217| 209| 202 196 191 1.83| 175 1e6| 1.61| 155 10| 1.43| 135 125
oo | 384| 300 260| 237 221| 210| 201| 194| 188 183 175| 167] 157 152| 146] 139] 132| 122] 100
2
Sl S[ Sz > ) . . . .
F==5= Pl where s; = S1/m and s5 = S»/n are independent mean squares estimating a common variance o
55

and based on m and n degrees of freedom, respectively.
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r,<m—i-n

2

(550
F(F) = / . 2 n mm/2nn/2w/27l(n + mx)—(m+n)/2dx — 975
" rR)rG
2/ \2
N 2 3 4 5 6 7 8 9 10 [ 12 [ 15 [ 20 [ 24 | 30 | 40 | 60 | 120 | oo
T[647.8 | 7995 | 8642 |899.6 | 9218 |937.1 |948.2 |956.7 |963.3 |968.6 |976.7 [984.9 [993.1 [997.2 [1001 [1006 [1010 |1014 |1018
2| 3851 | 39.00| 39.17| 39.25| 39.30| 39.33| 39.36| 39.37| 39.39| 39.40| 39.41| 39.43| 39.45| 39.46| 39.46| 39.47| 39.48| 39.49| 39.50
3| 1744| 16.04| 1544 | 1510 14.88| 1473 | 1462 14.54| 1447 | 1442| 14.34| 1425| 1417| 1412| 1408 14.04| 13.99] 1395 13.90
4| 1222 1065 998| 9.60| 936| 920 9.07| 898| 890| 884| 875| 866| 856| 851| 846| 841 836| 831] 826
5| 1001| 843 776 739 715| 698| 685 676| 668| 662| 652| 643 633 628| 623 618 612 607 6.02
6| 881| 726 660| 623 599| s582| 570| s60| 552| s46| 537| s527| 57| sa2| 507 501 496 490 485
7| 807| 654 58| s552| 529| sa2| 499 490| 482| 476| 467| 457| 447| 442| 436 431 425 420 414
8| 7.57| 606| 542| 505| 482| 465| 453| 443| 436| 430| 420 410 400| 395| 389 384 378 373 367
9| 721| 71| 508| 472| 448| 432| 420 40| 403| 396| 387| 377| 367| 361| 35| 35| 34s| 339 333
10| 694| s46| 483| 447| 424| 407| 395| 385| 378| 372| 362| 352| 342| 337| 331| 326 320 314 308
1| 672 s526| 463| 428| 404| 38| 376| 36| 359| 353 343 333 323 317| 3.12| 306| 300 294 2388
12| 655 50| 447| 412| 38| 373| 36| 351| 344| 337[ 328( 318| 307| 302| 296| 291| 285 279 272
13| 41| 497| 435| 400| 377| 360| 348| 339| 331| 325 31s| 30s| 295 289| 284 278] 272| 266] 2.60
14| 630 486| 424 38| 3.66| 350 338| 329 321| 315| 305 295 284| 279| 273 267| 26| 255 249
15| 620 477| 4as| 30| 3.58| 341| 329| 320 312| 306| 296 286| 276| 270| 264] 259 252| 246| 240
16| 612 469| 408| 373| 350| 334 322| 312| 305| 299| 289 279| 268| 263| 257| 251 245 238 232
17| 604| 462| 401| 3.66| 344| 328| 316| 306| 298| 292 28| 272| 262| 256| 250] 244/ 238] 232 225
18| 598| 456| 395| 31| 338| 322 10| 301| 293 287 277| 267| 256| 250| 244] 238] 232| 226] 219
19 s92| 451 39| 356| 333| 37| 3.05| 296 288| 282 272 262| 251| 245 239| 233 227 220 213
20| 587| 446| 386 351 329| 33| 301| 291| 284| 277| 268| 257| 246| 241| 235 229 222| 216] 209
21| 583| 442| 382| 348 325| 3.09| 297 287| 280| 273| 264| 253| 242 237| 231 225 218] 211 204
2| 579 438| 378 344| 322| 3.05| 293 284| 276| 270 260| 250| 239 233 227| 221] 214] 208 2.00
23| 55| 435| 375 34| 3a8| 302| 290 281 273| 267| 257 247| 236| 230| 224] 218] 211 204 197
24| s572| 432| 372| 338 3a5| 299| 287 278| 270| 264| 254 244| 233 227| 221| 215 208] 201 194
25| 569| 429| 369 335| 3a3| 297| 285 275| 268| 261| 251 241 230 224 218] 212| 205 198 191
2| s566| 427| 367 333| 30| 294| 282 273| 265| 259| 249 239| 228 222| 26| 209| 203 195 1.8
27| s563| 424| 365| 331 308| 292| 280 271| 263| 257 247| 236| 225 219| 23] 203 200 193] 185
28| se1| 422 363| 329 306 290| 278| 269| 261| 255 245 234 223 217| 211 2035 198 191 183
29| 559 420 361| 327| 304| 283 276| 267| 259| 253 243| 232| 221 215 209 203 196 189 181
30| 557| 418| 359| 325| 303| 287| 275 265| 257| 251 241| 231 220 214| 207 201] 194 187 179
40| s542| 405| 346| 313| 290| 274| 262| 253| 245| 239 229| 218 207| 201| 194 188 180 1.72| 164
60 | 529| 393| 334 301 279| 263| 251 241| 233| 227 217| 206| 194| 188| 1.82| 1.74] 1.67] 1.58] 148
120 s5.05| 380| 323| 289 267 252| 239| 230 222| 26| 205| 194 182 176| 169 164 1.53 143 131
oo | 502| 369| 312| 279| 257| 241 229| 29| 211 205| 194| 183 171 1ed4| 1.57] 148] 139 1.24] 1.00
s S P
F = ; == /==, where s} = S;/m and s} = S»/n are independent mean squares estimating a common variance o
5 ml n
2

and based on m and n degrees of freedom, respectively.

F(F) =/0F

r(*3)

")

"

mm/2nn/2xm/27l(n 4 mx)—(rn+n)/2dx - 99

NAE 2 3 4 5 6 7 8 9 10 12 15 [ 20 | 24 | 30 | 40 | 60 | 120 | oo
T (4052 [4999.5 |5403 |5625 [5764 5859 |5928 [3982 6022 |6036 [6106 |6157 |6209 [6235 6261 |6287 |[6313 |6339 |6366
2| 9850 99.00| 99.17| 99.25| 99.30| 99.33| 99.36| 99.37| 99.39| 99.40| 99.42| 99.43| 99.45| 99.46| 99.47| 99.47| 99.48| 99.49| 99.50
3 34.12| 30.82 29.46| 28.71 28.24| 2791 27.67| 27.49| 27.35| 27.23| 27.05| 26.87| 26.69| 26.60| 26.50| 26.41| 26.32| 26.22| 26.13
4| 2120 1800 16.69| 1598| 1552 1521 14.98| 1480 14.66| 14.55 14.37| 1420 14.02| 13.93| 1384 1375 13.65 13.56| 13.46
5| 1626| 13.27) 1206 1139 1097| 1067 10.46| 1029 10.16| 10.05| 9.89| 9.72| 9.5 9.47] 938 929 920[ 911 9.02
6 13.75] 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.72 7.56 7.40 7.31 7.23 7.14 7.06 6.97 6.88
7 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.47 6.31 6.16 6.07 5.99 591 5.82 5.74 5.65
8| 1126 86s| 759 701| 663 637] 618] 603 591 581 567 552 s536] s528) 520 512 503 495 486
9| 1056 802] 699 642 606| s80| se61| 547| 535| s26| sA1| 496| 481| 473 465| 457| 448| 440 431
10 10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 4.85 4.71 4.56 4.41 4.33 4.25 4.17 4.08 4.00 391
11 9.65 7.21 6.22 5.67 5.32 5.07 4.89 4.74 4.63 4.54 4.40 4.25 4.10 4.02 3.94 3.86 3.78 3.69 3.60
12| 933 693 595| s541| s506| 482 464 450 439 430 416] 401| 38| 378 370| 3.62| 354 345 336
13| 907 670 574 521| 486| 462 444 430| 419 410 396| 382 366 359 351| 343 334 325 317
14| 886| 651 556 5.04] 469| 446 428 414] 403 394 380 36| 351 343 335 327 318 3.09] 3.00
15| 868] 636 s542| 489| 456| 432 414 400| 389 380 367| 3.52| 337| 320 321| 313 305| 296] 287
16| 853 623 529 477| 444| 420 403 389 378 369 355 341| 326 318 3.10| 3.02| 293 284 275
17 840| 11| 518 467| 434 410 393 379| 368 359 346| 331| 316 308 300 292 283 275 265
18| 829 01| 509 458 425 401 384 371 360 351 337] 323| 308 300 292| 284 275| 266] 257
19| 818 593 so1| 450 417| 394 377| 363 332| 343] 330 315 300[ 292| 284 276 267| 2.58] 249
20 | 8.10] 585 494 443 40| 387 370[ 356| 346| 337| 323| 309 294 286 278] 269 261] 25 242
o1 | 8.02| 578|487 437] 404] 381 364 351| 340 331] 317] 3.03| 288 280 272| 264 255 246] 236
2| 795 s572| 482 431] 399| 376 359 345| 335 326 3.12| 298] 283 275| 267| 258 230 240[ 231
23| 788 66| 476 426| 394 371 354] 341 330 321| 307| 293 278] 270 262| 254 245 235 226
24| 782 sel| 472| 422) 390 3.67] 350[ 336] 326 3.17| 303 289 274 266 258 249 240 231] 221
25| 777| 557| 468 418 385 3.63| 346| 332| 322 313 299 285 270 262 254 245 236| 227 217
26| 772|553 464 414 382 359 342 329| 3u8| 309 296| 281| 266 258 250 242 233 223 213
27| 7.68| 549 4e0| 411 378 356 3.39| 326 315 306| 293 278] 23] 255| 247 238] 229 220 210
28| 7.64] 545|457 407| 35| 333 336] 323 312 303 290 275 260] 252| 244 235 226 217 206
29 7.60 542 4.54] 4.04 3.73 3.50 3.33 3.20 3.09 3.00 2.87 2.73 2.57 2.49 2.41 233 223 2.14] 2.03
30| 7.356| s539) 451 402 370] 347 330 317| 307| 298] 284 270] 255 247 239 230] 221] 211 201
40| 731 sa8| 431 383 351 329 32| 299 289 280 266 2.52| 237] 229 220 211 202 1.92] 1.80
60 | 7.08] 498 413 3635 334 312 295 282 272 263] 2s0| 235 220 212| 203 194] 184 173 160
120 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 2.47 2.34 2.19 2.03 1.95 1.86. 1.76 1.66 1.53 1.38
oo | 663 46| 378 332 302| 280 264] 251| 241 232 218] 204 188 1.79] 170] 159 147] 132[ 1.00
5% S1 2 > 2 . . . . 2
F =— =— [ —, where s7 = S1/m and s5 = S, /n are independent mean squares estimating a common variance o
A m n
2

and based on m and n degrees of freedom, respectively.
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F(m + n)
2 mn1/2nn/2xm/2fl(n + ’nx)—(m+n)/2dx — 995

rGr6)

n m 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 =5}
T[T6211 | 2000 |21615 |22500 |23056 |23437 [23715 |23925 |24001 (24224 24426 |24630 |24836 [24940 |25044 |25148 |25253 |25359 | 25465
2 198.5 199.0 199.2 199.2 199.3 199.3 199.4 199.4 199.4 199.4 199.4 199.4 199.4 199.5 199.5 199.5 199.5 199.5 199.5
3 5555| 49.80 |  47.47| 46.19| 4539| 44.84| 44.43| 44.13|  43.88| 43.69| 4339 43.08| 4278 42.62| 4247| 4231 4215|4199 4183
4 3133 2628 | 2426|2315 2246| 2197|2162 2135 2114 2097 2070 2044 2017 2003 19.89| 1975|1961 19.47| 19.32
5 2278|1831 16.53| 1556 1494 1451 1420 1396 1377 13.62| 13.38| 13.15| 1290| 12.78| 12.66| 12.53| 1240| 1227| 12,14
6 18.63 14.54 12.92 12.03 11.46 11.07 10.79 10.57 10.39 10.25 10.03 9.81 9.59 9.47 9.36 9.24 9.12 9.00 8.88
7 1624 12.40 10.88|  10.05 9.52 9.16 8.89 8.68 8.51 8.38 8.18 7.97 7.75 7.65 7.53 7.42 7.31 7.19 7.08
8 14.69 11.04 9.60 8.81 8.30 7.95 7.69 7.50 7.34 7.21 7.01 6.81 6.61 6.50 6.40 6.29 6.18 6.06 5.95
9 13.61 10.11 8.72 7.96 7.47 7.13 6.88 6.69 6.54 6.42 6.23 6.03 5.83 5.73 5.62 5.52 5.41 5.30 5.19
10 1283 943 8.08 7.34 6.87 6.54 6.30 6.12 5.97 5.85 5.66 5.47 527 5.17 5.07 4.97 4.86 4.75 4.64
1 1223|891 7.60 6.88 6.42 6.10 5.86 5.68 5.54 5.42 5.4 5.05 4.86 4.76 4.65 4.55 4.44 4.34 4.23
12 11.75 8.51 7.23 6.52 6.07 5.76 5.52 5.35 5.20 5.09 491 4.72 4.53 4.43 433 423 4.12 4.01 3.90
13 11.37 8.19 6.93 6.23 5.79 5.48 5.25 5.08 4.94 4.82 4.64 4.46 4.27 4.17 4.07 3.97 3.87 3.76 3.65
14 11.06 7.92 6.68 6.00 5.56 5.26 5.03 4.86 4.72 4.60 4.43 4.25 4.06 3.96 3.86 3.76 3.66 3.55 3.44
15 10.80|  7.70 6.48 5.80 5.37 5.07 4.85 4.67 4.54 4.42 4.25 4.07 3.88 3.79 3.69 3.58 3.48 337 3.26
16 10.58 7.51 6.30 5.64 5.21 491 4.69 4.52 438 427 4.10 3.92 3.73 3.64 3.54 3.44 3.33 3.22 3.11
17 10.38 7.35 6.16 5.50 5.07 4.78 4.56 439 4.25 4.14 3.97 3.79 3.61 3.51 341 331 3.21 3.10 2.98
18 10.22 7.21 6.03 5.37 4.96 4.66 4.44 4.28 4.14 4.03 3.86 3.68 3.50 3.40 3.30 3.20 3.10 2.99 2.87
19 10.07 7.09 592 5.27 4.85 4.56 4.34 4.18 4.04 3.93 3.76 3.59 3.40 3.31 3.21 3.11 3.00 2.89 2.78
20 9.94 6.99 5.82 517 4.76 4.47 4.26 4.09 3.96 3.85 3.68 3.50 3.32 3.22 3.12 3.02 2.92 2.81 2.69
21 9.83 6.89 5.73 5.09 4.68 4.39 4.18 4.01 3.88 3.77 3.60 3.43 3.24 3.15 3.05 295 2.84 2.73 2.61
22 9.73 6.81 5.65 5.02 4.61 4.32 4.11 3.94 3.81 3.70 3.54 3.36 3.18 3.08 2.98 2.88 2.77 2.66 2.55
23 9.63 6.73 5.58 4.95 4.54 4.26 4.05 3.88 3.75 3.64 3.47 3.30 3.12 3.02 2.92 2.82 2.71 2.60 2.48
24 9.55 6.66 552 4.89 4.49 4.20 3.99 3.83 3.69 3.59 3.42 3.25 3.06 2.97 2.87 2.77 2.66 2.55 2.43
25 9.48 6.60 5.46 4.84 4.43 4.15 3.94 3.78 3.64 3.54 3.37 3.20 3.01 2.92 2.82 2.72 2.61 2.50 2.38
26 9.41 6.54 5.41 4.79 4.38 4.10 3.89 3.73 3.60 3.49 3.33 3.15 297 2.87 2.717 2.67 2.56 2.45 2.33
27 9.34 6.49 5.36 4.74 4.34 4.06 3.85 3.69 3.56 3.45 3.28 3.11 293 2.83 2.73 2.63 2.52 2.41 2.25
28 9.28 6.44 532 4.70 4.30 4.02 3.81 3.65 3.52 3.41 3.25 3.07 2.89 2.79 2.69 2.59 2.48 2.37 2.29
29 9.23|  6.40 5.28 4.66 4.26 3.98 3.77 3.61 348 3.38 321 3.04 2.86 2.76 2.66 2.56 2.45 2.33 2.24
30 9.18 6.35 5.24 4.62 4.23 3.95 3.74 3.58 3.45 3.34 3.18 3.01 2.82 2.73 2.63 2.52 2.42 2.30 2.18
40 8.83 6.07 4.98 4.37 3.99 3.71 3.51 3.35 3.22 3.12 295 2.78 2.60 2.50 2.40 2.30 2.18 2.06 1.93
60 8.49 5.79 4.73 4.14 3.76 3.49 3.29 3.13 3.01 2.90 2.74 2.57 2.39 2.29 2.19 2.08 1.96 1.83 1.69
120 8.18|  5.54 4.50 3.92 3.55 3.28 3.09 2.93 2.81 271 2.54 2.37 2.19 2.09 1.98 1.87 1.75 1.61 1.43
o0 7.88] 530 4.28 372 335 3.09 2.90 2.74 2.62 2.52 2.36 2.19 2.00 1.90 1.79 1.67 1.53 1.36 1.00
2
s S1 S . L .
F= % =21 /22 where s = S)/mand s3 = S»/n are independent mean squares estimating a common variance o2 and based on m and n degrees of freedom,
5 m n
2
respectively.

F T (m + n)
2 22 2= (g 4 mx)f(ern)/de — 999

G

A 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 00
1 [4053* 5000* 5404* 5625% 5764* 5859* 5929* 5981* 6023* 6056* 6107* 6158* 6209* 6235% 6261* 6287* 6313* 6340* 6366*
2 998.5 999.0 999.2 999.2 999.3 999.3 999.4 999.4 999.4 999.4 999.4 999.4 999.4 999.5 999.5 999.5 999.5 999.5 999.5
3 167.0 148.5 141.1 137.1 134.6 132.8 131.6 130.6 129.9 129.2 128.3 127.4 126.4 125.9 125.4 125.0 124.5 124.0 123.5
4 74.14 61.25 56.18 53.44 5171 50.53 49.66 49.00 48.47 48.05 47.41 46.76 46.10 45.77 4543 45.09 44.75 44.40 44.05
5 47.18 37.12 33.20 31.09 29.75 28.84 28.16 27.64 27.24 26.92 26.42 2591 25.39 25.14 24.87 24.60 24.33 24.06 23.79
6
7
8

35.51 27.00 23.70 21.92 20.81 20.03 19.46 19.03 18.69 18.41 17.99 17.56 17.12 16.89 16.67 16.44 16.21 15.99 15.75
29.25 21.69 18.77 17.19 16.21 15.52 15.02 14.63 14.33 14.08 13.71 13.32 12.93 12.73 12.53 12.33 12.12 11.91 11.70
25.42 18.49 15.83 14.39 13.49 12.86 12.40 12.04 11.77 11.54 11.19 10.84 10.48 10.30 10.11 9.92 9.73 9.53 9.33
9 22.86 16.39 13.90 12.56 11.71 11.13 10.70 10.37 10.11 9.89 9.57 9.24 8.90 8.72 8.55 8.37 8.19 8.00 7.81

10 21.04 14.91 12.55 11.28 10.48 9.92 9.52 9.20 8.96 8.75 8.45 8.13 7.80 7.64 7.47 7.30 7.12 6.94 6.76
11 19.69 13.81 11.56 10.35 9.58 9.05 8.66 8.35 8.12 7.92 7.63 7.32 7.01 6.85 6.68 6.52 6.35 6.17 6.00

12 18.64 12.97 10.80 9.63 8.89 8.38 8.00 7.71 7.48 7.29 7.00 6.71 6.40 6.25 6.09 593 5.76 5.59 5.42
13 17.81 12.31 10.21 9.07 8.35 7.86 7.49 7.21 6.98 6.80 6.52 6.23 5.93 5.78 5.63 5.47 5.30 5.14 4.97
14 17.14 11.78 9.73 8.62 7.92 7.43 7.08 6.80 6.58 6.40 6.13 5.85 5.56 5.41 5.25 5.10 4.94 477 4.60
15 16.59 11.34 9.34 8.25 7.57 7.09 6.74 6.47 6.26 6.08 5.81 5.54 5.25 5.10 4.95 4.80 4.64 4.47 4.31
16 16.12 10.97 9.00 7.94 7.27 6.81 6.46 6.19 5.98 5.81 5.55 5.27 4.99 4.85 4.70 4.54 4.39 4.23 4.06

17 15.72 10.66 8.73 7.68 7.02 6.56 6.22 5.96 5.75 5.58 532 5.05 4.78 4.63 4.48 4.33 4.18 4:62 3.85
18 15.38 10.39 8.49 7.46 6.81 6.35 6.02 5.76 5.56 5.39 5.13 4.87 4.59 4.45 4.30 4.15 4.00 3.84 3.67
19 15.08 10.16 8.28 7.26 6.62 6.18 5.85 5.59 5.39 5.22 4.97 4.70 4.43 4.29 4.14 3.99 3.84 3.68 3.51

20 14.82 9.95 8.10 7.10 6.46 6.02 5.69 5.44 5.24 5.08 4.82 4.56 429 4.15 4.00 3.86 3.70 3.54 3.38
21 14.59 9.77 7.94 6.95 6.32 5.88 5.56 5.31 5.11 4.95 4.70 4.44 4.17 4.03 3.88 3.74 3.58 3.42 3.26
22 14.38 9.61 7.80 6.81 6.19 5.76 5.44 5.19 4.99 483 4.58 4.33 4.06 3.92 3.78 3.63 3.48 332 3.15
23 14.19 9.47 7.67 6.69 6.08 5.65 533 5.09 4.89 4.73 4.48 4.23 3.96 3.82 3.68 3.53 3.38 322 3.05
24 14.03 9.34 7.55 6.59 5.98 5.55 523 4.99 4.80 4.64 4.39 4.14 3.87 3.74 3.59 345 329 3.14 297

25 13.88 9.22 7.45 6.49 5.88 5.46 5.15 491 4.71 4.56 4.31 4.06 3.79 3.66 3.52 3.37 322 3.06 2.89
26 13.74 9.12 7.36 6.41 5.80 5.38 5.07 4.83 4.64 4.48 4.24 3.99 3.72 3.59 3.44 3.30 3.15 2.99 2.82
27 13.61 9.02 7.27 6.33 5.73 5.31 5.00 4.76 4.57 4.41 4.17 3.92 3.66 3.52 3.38 3.23 3.08 2.92 2.75
28 13.50 8.93 7.19 6.25 5.66 5.24 4.93 4.69 4.50 4.35 4.11 3.86 3.60 3.46 332 3.18 3.02 2.86 2.69
29 13.39 8.85 7.12 6.19 5.59 5.18 4.87 4.64 4.45 4.29 4.05 3.80 3.54 341 3.27 312 2.97 2.81 2.64

30 13.29 8.77 7.05 6.12 5.53 5.12 4.82 4.58 4.39 4.24 4.00 3.75 3.49 3.36 322 3.07 2.92 2.76 2.59
40 12.61 8.25 6.60 5.70 5.13 4.73 4.44 4.21 4.02 3.87 3.64 3.40 3.15 3.01 2.87 2.73 2.57 2.41 2.23

60 11.97 7.76 6.17 5.31 4.76 4.37 4.09 3.87 3.69 3.54 3.31 3.08 2.83 2.69 2.55 2.41 2.25 2.08 1.89
120 11.38 7.32 5.79 4.95 4.42 4.04 3.77 3.55 338 3.24 3.02 2.78 2.53 2.40 2.26 2.11 1.95 1.76 1.54
00 10.83 6.91 5.42 4.62 4.10 3.74 3.47 3.27 3.10 2.96 2.74 2.51 2.27 2.13 1.99 1.84 1.66 1.45 1.00

*Multiply these entries by 100.

A-109



	17_01.pdf
	17_02.pdf
	17_04.pdf
	17_05.pdf
	17_06.pdf
	17_07.pdf
	17_08.pdf
	17_09.pdf
	17_10.pdf
	17_11_84.pdf
	17_12.pdf
	17_13.pdf
	17_14.pdf
	17_15.pdf
	17_16.pdf
	17_17_84.pdf
	17_18.pdf
	17_19.pdf
	17_20.pdf
	17_21.pdf
	17_22_84.pdf



