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We discuss a method of data filtering for a resonant gravitational wave detector that allows an
optimal reconstruction of the input signal. The method consists of the estimate, by optimal Wiener
filtering, of the amplitude of the Karhunen-Loéve components of the signal at the antenna input,
and only needs the assumption that the signal has a finite duration. After discussing an application
of the method to a simplified model for a resonant antenna, we present a practical application to
the reduction of the data from a room temperature antenna.

PACS number(s): 04.80.Nn, 95.55.Ym, 95.75.Pq

INTRODUCTION

There have been many studies over the years [1] aimed
at assessing the time shape and relevant parameters of
the gravitational radiation bursts emitted during differ-
ent collapse scenarios. These studies show that the main
burst features, such as the spectral content, the center
frequency, the duration, etc., depend on the details of the
collapse. On the other hand, the available observational
knowledge has not allowed one, up to now, to predict with
enough confidence which one of the proposed scenarios, if
any, is the most probable candidate for a detectable emis-
sion of gravitational waves. The consequence of all this is
that, despite the fact that any optimal detection method
needs some assumption about the expected signal, any
cautious detection strategy should keep the number of
those assumptions to the smallest possible amount.

Resonant gravitational wave detectors have compara-
tively narrow bandwidths. The ultracryogenic ones cur-
rently under development promise to have post-detection
bandwidths in the range 20-50 Hz, with resonant fre-
quencies of the order of 1 kHz. The signal-to-noise ratio
per unit frequency consists of a few close narrow minima
merging in the wideband noise of the amplifier [2]. With
this kind of effective post-detection band, it is not im-
mediate to assess what the independent parameters are
that can be extracted from the signal and what the re-
lated data reduction methods are to extract them from
the raw data.

In this paper we describe an optimal method of signal
detection that, first needs only to assume that the sig-
nal has some finite duration, a very reasonable approx-
imation for gravitational bursts, and, second, gives in a
very natural way the statistically independent parame-
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ters that can be extracted from the signal. The method
consists of the standard estimate [3], by optimal Wiener
filtering, of the amplitude of the Karhunen-Loéve compo-
nents of the signal at the antenna input. After discussing
an application of the method to a simplified model for a
resonant antenna, we shortly present, as an example, a
practical application to the reduction of the data from a
room temperature antenna.

PRINCIPLE OF THE METHOD

We will assume that a gravitational wave detector can
be described as a linear, time-invariant device whose in-
put is the metric perturbation h(t) and whose output is
some electrical signal V (t) buried in additive Gaussian
noise. With this assumption,

V(t) =n(t) + [)w H(t')h(t —t')dt', (1)

where n(t) is tne total output noise, with spectral density
S(w), and H (t) is the impulse response of the detector.

We will also assume that the signal h(t) has a finite
duration T':

h(t) =0 if [t] > % 2)

A standard technique, known as the Karhunen Loéve
expansion [3], used to extract the available information
from a signal of duration T buried in the noise, is to
assume that the signal can be expanded in a series of
some set of orthonormal functions ¢ (t),
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i imum variance of the estimate of the amplitude A of a
h(t) = cedr(t) (3)  &-like signal h(t) = A&(t).
k=0

and to choose the ¢’s such that the minimum-variance
linear estimates of the c;’s are statistically independent.
With the expansion in Eq. (3), the antenna output is
given by

V() =n(t)+ ) c /w H(tw(t —t)dt'.  (4)
k=0 0

According to the Wiener optimal filter theory, the
minimum-variance zero-bias linear estimate of cx, ob-
tained from the output data V'(¢), is

G = / Cu(~t)V (8)dt, (5)
with C(t) a function whose Fourier transform is

N
-3 H o), .

where ¢;(w) and H(w) are the Fourier transforms of ¢;(t)
and H(t), respectively.
The inverse of the matrix o;, (67 );, is given by

-1 1 [ |H(w)?
R 7
= |5 [ e,
and it can be demonstrated that
(Ckéj) — (Ck)(&5) = Tr;j) (8)
where the angular brackets indicate the statistical aver-

age.
In order for the estimates é; to be statistically inde-
pendent, as in the Karhunen-Loéve expansion, one needs

1 (% |Hw)? .
1 T/2 T/2 ) Y
= = 2 dt ¢;(t) /_T/Z G(t — t")gw(t')dt = —(;;5,:],

9)

with A; some positive constant and d;; the Kroenecker

delta. The function G(t) in Eq. (9) is defined as the
Fourier transform of
|H (w)[?/S(w)
G(w
© = e iEwr s Y
and
: - (11)

78 = (1/2m) [=_[H(w)2/S(w)ldw

o} is, according to Wiener-Kolmogorov theory, the min-

It is straightforward to check that Eq. (9) is satisfied
if

T/2
/ Gt —t)g;(t")dt' = Xj¢;(¢) (12)
—T/2
and
T/2
/ D1 (8)95()dt = b4;, (13)
-T/2

i.e., if the functions ¢ (t) are the orthonormal eigenfunc-
tions of the integral equation (12) and if the \;’s are its
eigenvalues.

From Egs. (7)-(9), (12), and (13), one gets

5k,

and the filter function C(t) has the Fourier transform

Cutw) = L) _ o). )

Here Cs(w) = 02H*(w)/S(w) is the optimum filter func-
tion one should apply to the output data in order to
estimate the amplitude of a é signal at the input.

Equation (15) shows that the estimate can be done, as
usual with Wiener filters, in two stages: first, by filter-
ing the data with the filter Cs(w) to obtain the function
Vi(e),

V'(t) = /T/2 Cs(t — t')V(t')at, (16)

-T/2

and, second, by calculating the amplitudes of the expan-
sion of V'(t) in the ¢x(t)’s according to

) T/2 /
f= 5 /_ oy POV (17)

Equation (12) shows that the set of functions ¢x(t)
is the Karhunen-Loéve orthonormal set of the noise at
the output of the filter Cs(w), as this has a spectrum
02G(w). The method reduces then to filtering the data
as if looking for a §-function signal and then to expand
the output of the filter into its independent Karhunen-
Loéve components.

At the end of this section we want to indicate a few
properties of the above procedure we will use in the fol-
lowing.

Let us define the signal-to-noise ratio with which the
kth component of a given signal h(t) = Af(t) of “ampli-
tude” A is measured:

2 2
RE = % = 2% (18)

2 2
Ok o5

with cx = [T17 Gx(t)h(t)dt.

In can easily be shown [3] that
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— 2 _ A? 2
S R = —~ =R} (19)
k=0 A
Here o2 is the variance of the estimate of the amplitude
A one would get from a Wiener filter matched to the
signal f(t), and thus R4 is the signal-to-noise ratio of
this estimate. It follows that R, < R4.

A useful quantity we will use in the following is the

total signal energy Er at the output of the filter Cs(w),
defined as

T/2
Er = / V'2(t)dt, (20)
-T/2

a quantity which is measured with a signal-to-noise ratio
RE (see the Appendix):

- Z:(’:o Rz’\k
2[5 A% (2 + BEAY)]

A second related quantity is the amplitude |a| = VEr
whose signal-to-noise ratio is R|, = 2Rg.

Rg 7z (21)

AN EXAMPLE: THE GIFFARD MODEL
FOR A RESONANT DETECTOR

Giffard [4] has proposed a useful simplified model for a
resonant gravitational wave detector, where the antenna
is represented by a simple harmonic oscillator of mass
M, damping time 7, and angular frequency wg, subject
to a force F(t) = L'M d%h(t)/dt?. If the antenna is a
long cylinder, as in practical experiments, the effective
length L' is [5] L' = (2/n2)L, with L the physical length
of the antenna and M is one-half of its physical mass.
The readout electronic chain is substituted in this model
by a displacement transducer that converts the oscillator
displacement to some output voltage signal. The trans-
ducer has two independent noise generators: One gener-
ates a white random force F,(t), with spectral density
SF, that adds up to the signal force F(t) and that in-
cludes both the back action of the readout chain and the
Brownian noise of the oscillator. The second generator
is the source of a white displacement noise x,(t), with
density S, and represents the noise added at the read-
out output. We write the spectral densities in terms of
quanta as Sp = KN A/2 and S, = N A/2K, with K
a noise “impedance” with the physical dimensions of a
spring constant.

With these assumptions and considering the force F'(t)
as the input signal of the detector, one gets, for G(t),

G(t) = e~ I1/2mop: [cos(wlt) + sin(wlltl)} ,» (22)

2(4)17'0‘,';

where

and

OPTIMAL RECONSTRUCTION OF THE INPUT SIGNALIN . ..

4739

1 1 K2 \?
= — +2w? (1+—) -1].
T2 T2 0 [ M2w

opt

In practical detectors, w; = wo and Top & Mwo/K <
7. 1/2mTope is usually called the post-detection band-
width and, for the generation of detectors under devel-
opment, is predicted [2] to be in the range 20-50 Hz.

The parameter 07 is now

2,2
M?* wi
K 12

opt

o2=N§} ~ N fMuwy, (23)

where in the last term of Eq. (23) we have assumed that
Topt K T.

Equation (12), with G(t) given by Eq. (22), can be
solved in closed form (see the Appendix). The solutions
are of one of the two forms

or(t) = Apycos(wit) + Ag_cos(wr—t), (24a)

Ok (t) = Apysin(we4+t) + Ap—_sin(we-t), (24b)

with the (complex frequencies) w4+ and wg_ given by

1 1)’
= 1— — :h[ 1-
ht “Jl{ ( 2q§pt ) ( 2q§pt )
(1 2 )]I/Z}I/Z
Ak‘-'-’lqopt ’

where gopt = w17Topt- The eigenvalues A; are positive and
bounded (Y72, Ax = T'). They come in pairs of approxi-
mately the same value, corresponding to the functions in
Egs. (24a) and (24b), respectively. Here and in the rest,
we will number them in decreasing order of magnitude.

For the largest eigenvalues, both wg4 and wg_ turn out
to be real, and for realistic values of T and gopt (Twy >
27, gopt > 20), both 1/2¢2,, and 2/Arw1gopt are small
numbers. If this is the case,

1/2
- 1) .

w1 (M
2QOpt Ak‘-“'].

Thus, as A; becomes smaller, both w;_ and w4+ tend to

fall outside the optimal post-detection band w; +w; /2gopt

and the uncertainty on the corresponding c; becomes

larger.

In Fig. 1 we show the ratio T/, for the first eigen-
values (in decreasing order of magnitude) as a function
of (wy — w_)/2w,, for increasing values of T'.

As expected from the discussion above, it can be cal-
culated that, for large enough values of gop¢, the ratio
Ar/T depends only on the ratio Tw;/gopt so that Fig. 1
does not change very much by changing the value of gopt,
provided that one scales correspondingly the value of T'.

Figure 1 shows that the eigenvalues quickly decrease
with k. In addition, the spacing between neighboring
eigenvalues decreases by increasing the duration 7' and
so does the splitting between the corresponding values
of (we+ — we—)/2w;. Thus only if T is large enough,
in comparison with 7op¢, is it then reasonable to expect

(25)

Wr+ < Wy +
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FIG. 1. Ratio T/ as a function of (w4 — w_)/2w, for var-
ious values of T. w; = 27 x 1 kHz and gopt = 30.

that the signal components with £ > 1 will have large
signal-to-noise ratios.

To clarify this last point, we have calculated the ampli-
tudes and signal-to-noise ratios for a specific signal which
closely resembles many of the calculated expected gravi-
tational signals:

h(t) = Ae~#=1)* /27 cosfw, (t — to) + ), (26)

with wy, 75, and ¢y the pulse center frequency, duration,
and arrival time, respectively.

In Fig. 2 we show how both the Rr—; and Rj, as a
function of T' for a short pulse arriving at the detector
at time to = 0. It can be seen that, for the 7, = 0.5 ms
pulse considered, both ¢; (or c; for odd signals) and the
“amplitude” |a| have signal-to-noise ratios that never go
below 60% of R4, at least for T' up to T = 70 ms. This

S ﬁ,_{
Q g o N . 4
- . 4
L ]
* Ri=1/Ra
© Ry /Ra
O U Laa 2 sl 1 [
0 10 20 30 40 S0 60 70 80
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FIG. 2. Signal-to-noise ratio Ri=; for the k = 1 component
of the signal and that R, for the amplitude |a|, as a func-
tion of T. Both ratios are normalized to the signal-to-noise
ratio Ra of a filter matched to the signal. To calculate
R|s;, Ra = 4. The signal is a pulse as in Eq. (30) with
wp = w; = 2w X 1 kHz, to = 0, and 7, = 500 ps. gopt = 30.
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shows that most of the information is carried by the k = 1
(or k = 2 for odd signals) component of the signal.

In addition, Fig. 2 shows that, when T becomes larger
and larger and some information begins to be stored also
in the £ > 2 components, still |a| is detected with a
signal-to-noise ratio which is comparable to R4 and can
then be used to monitor the data for the presence of the
signal.

If 7, becomes larger, both Ri—; and Rj,| increase to-
ward R4 until 7, is so large that the signal begins to be
truncated and both ratios drop again (Fig. 3).

If the pulse has a phase ¢ # 0, both the components
in Egs. (24a) and (24b) are excited. If a particular ¢ =
m/2, then the pulse is an odd function and the expansion
includes only the terms in Eq. (24b).

More interesting is the situation if ¢t # 0. In this
case the components with k& # 1,2 become more relevant,
the energy is distributed over many components, and the
signal-to-noise ratio on each one can drop significantly.
The amplitude |a|, however, is still measured with a large
signal-to-noise ratio (Fig. 4).

In summary, the main conclusion of this section is that
the first few components of the expansion above, together
with the amplitude |a|, can be measured with a signal-
to-noise ratio comparable to that one would get from full
knowledge of the incoming signal. Despite the fact that
the above conclusion has been derived on the basis of a
specific shape of the signal, it is likely that it is of general
validity for all “pulse-shaped” signals, provided that the
time length T has correctly been chosen to be longer than
any incoming signal duration.

We note at the end that a practical application of the
method of the process of real signals should first divide
the time axis in intervals of duration 7' and should then
apply the expansion to the data in each interval. Figure 4
suggests that two neighboring intervals should overlap
by an interval of duration T/2 to avoid missing a large
fraction of the signal energy.
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FIG. 3. Signal-to-noise ratio Rr=; for the k = 1 component
of the signal and that R, for the amplitude |a|, as a function
of the pulse time constant 7,. Both ratios are normalized to
the signal-to-noise ratio R4 of a filter matched to the signal.
To calculate Rj,;, R4 = 4. The signal is a pulse as in Eq.
(30) with wp, = wy; = 27 x 1 kHz and to = 0, while gopt = 30
and T = 20 ms.
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FIG. 4. Maximum signal-to-noise ratio Rk,max for one of
the components of the signal and the signal-to-noise ratio R|q
on the amplitude |a| as a function of the pulse delay to. Both
ratios are normalized to the signal-to-noise ratio R4 of a filter
matched to the signal. To calculate |a|, Ra = 4. The signal
is a pulse as in Eq. (30) with wp, = w; = 27 x 1 kHz and
Tp = 0.5 ms, while gopt = 30 and T = 50 ms.

EXPERIMENTAL EXAMPLE

As an example of the experimental application of the
method, we report here briefly some preliminary results
obtained with a room temperature antenna [6]. A full
discussion will appear elsewhere both for the practical
algorithm developed [7] and for the experimental results
8]

The antenna is a 2.3-ton Al 5056 bar coupled to a ca-
pacitive resonant motion transducer [9] that converts the
antenna displacement to an electric signal read by a field
effect transistor (FET) amplifier. The total noise den-
sity at the FET output shows two lines, with frequencies
vy = 881.1 Hz and v_ = 863.6 Hz, corresponding to
the excitation of the two normal modes of the antenna-
transducer system, merging into the wideband noise of
the amplifier (Fig. 5).

S(w) V% Hz

- I

P I AT Il
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FIG. 5. Power spectrum S(w) at the output of the room
temperature antenna as a function of the frequency w/2w.
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FIG. 6. Ratio of the transfer function square modulus
|H(w)|? to the power spectrum S(w) for the room temper-
ature antenna, as a function of the frequency w/2x.
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¢s(t) for the room temperature, antenna, as a function of the
time t.
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FIG. 8. Experimental signal-to-noise ratio Rk, expt for the
first four even eigenfunctions as a function of the ratio A\x/T'.
Ak is the calculated eigenvalue, and T is the duration of the
measurement. Measurements have been made sending eigen-
functions of the same amplitude to the antenna input via a
programmable function generator. The amplitude has been
adjusted in order to have R expt ~ 80.

In order to extract the transfer function H(w), we have
used a capacitive calibrator described in [10]. H(w) is
then the total transfer function for a voltage signal ap-
plied to the calibrator itself. H(w) also includes all the
filtering stages of the antenna electronics and of the data
acquisition system.

Both the spectrum and transfer function show a two-
peak structure and can be fitted to a ratio of polynomi-
als. Their ratio can then be written as the factorizable
function

H@)? _ Tiey ok (iw)*
SW) X Bilw)

As a consequence, the filter function Cjs(t) for the 4-
like signal can be reduced to an Autoregressive moving
average (ARMA) fourth-order filter [7,11]. The function
|H (w)|?/S(w) is reported in Fig. 6. From the data in the
figure, the two values of the post-detection bandwidths
are of the order 1/2w7,p¢ = 25 Hz and 1/2n7_ops = 19
Hz.

The eigenfunctions of the integral equation (12) are
then found numerically. In Fig. 7 the first few of them,
corresponding to the largest eigenvalues, are shown for a
choice of the maximum duration 7 = 40 ms. It can be
seen that, despite the quite different shape of Cs(w), the
eigenfunctions retain the general form as in Eq. (24).

In order to test for the accuracy of the practical algo-
rithm, we have applied to the calibrator voltage pulses
shaped as the first few eigenfunctions of Eq. (12) and
with variable amplitudes c;. The pulses have been gen-
erated by a numerically programmable waveform gener-
ator. The output of the antenna has been sampled at 5
kHz, after a properly chosen antialiasing filter, for a time
window of duration 7' = 40 ms starting after a suitable
time lag from the beginning of the pulse. The data are
then numerically filtered with the filter C5(w) and convo-
luted with the kth eigenfunction ¢ (t) to get the estimate
of the relative amplitude ¢.

(27)
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In Fig. 8 we report the measured signal-to-noise ra-
tio Riexpt = Ck/Okex as a function of the ratio A\x/T.
Here ogex is the rms fluctuation of the kth component
in the absence of the signal. The amplitude of the in-
put eigenfunctions were all equal and adjusted so that
Rl,expt = 80.

DISCUSSION AND CONCLUSIONS

We have presented a novel application of the
Karhunen-Loéve expansion to the problem of measur-
ing the statistically independent parameters of a grav-
itational wave pulse exciting a resonant antenna.

As the method has to be applied to a finite data win-
dow, one has to devise a way to partition the actual very
long lasting flow of data, in segments of not too long a
duration. In fact, as can be seen from the data in Fig. 2,
if the duration T of the time window is much longer than
the actual duration of the incoming signal, the signal-
to-noise ratio both for the energy and for the amplitude
of the first components starts to drop. On the other
hand, the data in Fig. 4 show that if the time “center of
mass” of the signal is displaced away from the center of
the observation window, this does not affect very much
the signal-to-noise ratio for the energy, provided that the
signal still dies out within the observation window.

These considerations suggest a possible data reduction
procedure as the one sketched in the following: The data
have to be partitioned in windows of duration T'. In order
to maximize the signal-to-noise ratio, T has to be chosen
of the order of the maximum duration of any expected
signal. This points to a duration of the order of T' = 50
ms [1]. The energy in each window is then evaluated as
a test statistics to make a decision about the presence
of a signal. In the case of an affirmative decision, the
amplitudes of the components with significant signal-to-
noise ratios are evaluated.

In order to avoid cutting off a signal too close to one
of the edges of each time window, two neighboring win-
dows should overlap by a substantial amount, a possible
cautious choice for the overlap being one-half of the total
duration of the window.

As an alternative, the time window could be shifted
continuously and the energy in this running window of
fixed duration T could be monitored. In the case of signal
detection, the data within the window centered around
the time at which the maximum energy has been detected
could be further processed to extract the amplitudes of
the various components.

Work is in progress to ascertain the practical feasibility

and the possible refinements of the two methods above.

We conclude by noting that the method we have pre-
sented here can obviously be applied also to interfero-
metric antennas, though in that case the basic features
of the eigenfunctions would be rather different from those
discussed here.
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APPENDIX

Many of the results of this appendix are well-known
properties of integral equations or can be easily reduced
to those. We report them here for the reader’s conve-
nience.

In order to evaluate the average value of Er in Eq. (20)
and its mean-square fluctuation, let us split the output
V'(t) of the §-function filter into its noise part n'(t) and
in its signal part V’(t) with coefficients ¢, as before:

V() = /_ dt'Cs(t — t') /0 = H@)h(E — ¢")dt"
= /w G(t —t')h(t)dt

= Mecrdr(t); (A1)
k=0

then, the energy E,r of V" (t) in the interval |t| < T/2 is

T/2 oo oo
Eor = / (VI e)de =3 2Nt = a2 3 B2,

-T/2 k=0 k=0

(A2)

The mean value of Er is then given by E,r plus the
noise contribution E,7:

oo

(Enr) =) _(chr)A; = oiT,

k=0

(A3)

where we have called c,; the noise contribution to cj.
The variance of Er is

4743
N 2
0% = < [Z M2, + 2X2ckcnk — agT] >
k=1
N
= Y AiAI[(chrcn;) + dercs(enrcn;)]
k,j=1
N
+0iT? — 20%T Z A2(c2.)
k=1
1 oo e o]
_ 4 2 21412
_ 40} [5 ey Rk,\k] , (A4

and the signal-to-noise ratio that we define by subtract-
ing from (Er) the mean noise contribution (E,r) [Eq.

(21)] follows.
The eigenfunction of Eq. (12) with G(t) given by Eq.
(22) has to solve the differential equation

d%¢y, 2 1 dop 4 2 _
&2 +(2‘"1‘:2—)7+“’° T Nt ) =

(A5)

with the boundary conditions

d2¢k) 1 (d¢k) 2
- — +wide(—T/2) =0,
( A2 ) gy Topt \ @t oo gy

(A6a)
(68) o (&) e (&)

dt® t=—T/2 Topt dt? t=—T/2 T\ at t=—T/2
=0,

d2¢k) 1 (d¢k) 2
+ — + widk(T/2) =0,

(dt2 t=T/2 Topt dt t=T/2 !
(A6b)

a3 1 [d? d
(5). .25 (59). ., (2), ..,
at® ),z Topt \ 4% J,_1)s dt ) oz

As G(t) is an even function, for nondegenerate eigen-
values )\; the eigenfunctions have to be either even or
odd. As a consequence, they have to be of one of the
two forms in Eq. (24). The eigenvalues can be found by
substituting Eq. (24), for instance, in Egs. (A6a) and
by asking that the determinant of the resulting homoge-
neous system for A, and Ai_ be equal to zero.
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